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noise ratio of multicomponent land data, the increasing number
of ocean-bottom acquisitions, and the more frequent use of 3D
and 3C vertical seismic profiling. In addition to the traditional pressure wave imaging, S-waves have the potential to provide different
illumination on targets under the gas cloud, salt body, and fractures.
Furthermore, S-waves carry important information about the
elastic properties of the subsurface, some of which are more directly
linked with seismic anisotropy and fluid saturation. Therefore, joint
interpretation of the conventional P-wave reflection images and the
converted PS-images benefits our structural and lithologic understanding of the subsurface.
However, accurate elastic wave simulation and imaging remains
a significant challenge in the seismic exploration industry, due to
their theoretical and computational complexities. For elastic wave
simulation, most of the existing practices model particle displacements or velocities during elastic wave propagation, using either a
second-order formulation (Kelly et al., 1976; Luo and Schuster,
1990) or a first-order velocity-stress formulation (Madariaga,
1976; Virieux, 1984, 1986; Wapenaar and Haimé, 1990; Pitarka,
1999). In either case, heavy computation and large memory space
are required for elastic-wave modeling. To achieve similar stability,
an elastic simulation involves at least five times more floating point
operations than an acoustic simulation on the same model. Furthermore, the modeled particle displacements contain contributions
from the P- and S-wave modes, which offer little direct insights
about mode interactions when the subsurface structure is highly
heterogeneous. Therefore, wave mode separation is often performed
during the propagation using divergence and curl operators (Aki
and Richards, 1980), which not only adds numerical complexity
and computational costs to the elastic wave simulation, but it
may also introduce inaccurate changes in amplitudes, units, and
phases of the extrapolated wavefields (Sun et al., 2001; Zhu, 2017).
In addition to the challenges in elastic wave simulation, elastic
multimode reverse time migration (RTM) is another difficult task.
In an RTM framework, source and receiver wavefields with different modes may be propagated using either acoustic or elastic

ABSTRACT
Elastic wave imaging has been a significant challenge in
the exploration industry due to the complexities in wave
physics and numerical implementation. We have separated
the governing equations for P- and S-wave propagation
without the assumptions of homogeneous Lamé parameters
to capture the mode conversion between the two body waves
in an isotropic, constant-density medium. The resulting set
of two coupled second-order equations for P- and S-potentials clearly demonstrates that mode conversion only occurs
at the discontinuities of the shear modulus. Applying the
Born approximation to the new equations, we derive the
PP, PS, SP, and SS imaging conditions from the first gradients of waveform matching objective functions. The
resulting images are consistent with the physical perturbations of the elastic parameters, and, hence, they are automatically free of the polarity reversal artifacts in the converted
images. When implementing elastic reverse time migration
(RTM), we find that scalar wave equations can be used to
back propagate the recorded P-potential, as well as individual components in the vector field of the S-potential. Compared with conventional elastic RTM, the proposed elastic
RTM implementation using acoustic propagators not only
simplifies the imaging condition, it but also reduces the
computational cost and the artifacts in the images. We have
determined the accuracy of our method using 2D and 3D
numerical examples.

INTRODUCTION
Elastic wave simulations and imaging have gained increasing attention in the exploration industry due to the improved signal-to-
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propagators. Acoustic propagation of P- and S-wavefields requires
separation of the wavefields at the receivers, whereas elastic
propagation requires a Helmholtz wave-mode decomposition during the time stepping. In either case, the scalar nature of P-wave and
the vectorial nature of the S-wave have caused much trouble for a
proper definition of the converted wave imaging condition. Difficulties such as phase reversal caused by the polarity flip in the
PS-converted images are often solved in an ad hoc fashion that
not only introduces more computation but also relies on information
such as propagation angle and structural dip that we could not accurately obtain before imaging (Chang and McMechan, 1987; Yan
and Sava, 2008; Du et al., 2012, 2014; Duan and Sava, 2015; Wang
and McMechan, 2015; Cheng et al., 2016).
Although it is well-accepted that the RTM image of the PP-reflections can be seen as the gradient of the full-waveform inversion objective function at the very first iteration (Lailly and Bednar, 1983), a
similar formulation and interpretation have not been well-developed
for elastic multimode imaging. Mora (1987) and Feng and Schuster
(2017) propose to fit the vectorial data without wavefield separation
and formulate the images as perturbations to the elastic moduli. This
formulation, as the first step of the iterative waveform inversion, provides clear physical meanings to the RTM images. However, expensive elastic propagators are still needed for wavefield extrapolation
and the resulting images do not provide insights to their relation
to the conventionally defined PP- and PS-images.
To fill in the gap between the overly simplified and the overly complicated, we consider a constant-density, isotropic, elastic medium
with heterogeneous Lamé parameters. The main contribution of
our paper is a new system of second-order wave equations that fully
and clearly describe the P- and S-wave propagations and their interactions at the complex geologic boundaries. These new equations can
be efficiently implemented using acoustic propagations for coupled,
but directly separated, P- and S-wave potential fields. Using the Born
approximation, elastic RTM can be accurately derived as the computation of the waveform inversion gradients in the first iteration. The
images are consistent with the velocity updates in P- and S-waves.
This work provides a much more rigorous theoretical basis for the
vector-based elastic-wave imaging condition (Xiao and Leaney,
2010; Wang and McMechan, 2015; Wang et al., 2016; Du et al.,
2017; Shabelansky et al., 2017). In addition, simulating wavefields
using acoustic propagators, rather than elastic propagators, reduces
the computational cost of RTM.
The rest of the paper is organized in four parts. In the first part, we
derive a new set of coupled second-order wave equations that model
the P- and S-wave propagations in a heterogeneous medium. In the
second part, we derive the imaging condition for elastic RTM as the
first gradients of waveform inversion by fitting different wave
modes in the data. In the third part, we demonstrate the accuracy
and efficiency of the proposed elastic RTM using numerical examples in two dimensions and three dimensions. Finally, we discuss
the limitations of the proposed method before concluding the paper.

ELASTIC-WAVE EQUATION IN A
HETEROGENEOUS MEDIUM
The elastic-wave equation we derive here is based on the Lagrangian motion, in which particle motion is measured with respect to its
original location. Consider an infinitesimal cube in a Cartesian coordinate system, the acceleration of the cube is given by Newton’s
law

ρ

∂2 ui
¼ ∂j τij þ fi ;
∂t2

(1)

where ui is the particle displacement in the ith direction, τij are the
elements of the stress tensor, f i is the body force on each face of the
cube, and i; j ¼ 1; 2; 3. In a linear isotropic medium, stress and
strain are connected via Hooke’s law

τij ¼ λδij ∂k uk þ μð∂i uj þ ∂j ui Þ;

(2)

where λ and μ are the Lamé parameters.
Equations 1 and 2 form a complete set of equations that govern
the elastic wave propagation. They may be used directly to model
the wave equation in a finite-difference scheme, usually with firstorder staggered-grid implementation (in terms of particle velocity
vi ¼ ∂t ui ) to increase numerical accuracy and stability. To solve
the set of first-order wave equations, nine fields (three particle
velocities and six stresses) are propagated in 3D. This dramatically
increases the computational cost and the memory requirement.
Moreover, the system of equations does not provide enough insights
regarding the behavior of different wave modes and their interactions with the subsurface properties. Therefore, we move on to
the second-order elastic-wave equations to seek physical interpretations.
Substituting equation 2 into equation 1, and formulating in a matrix-vector notation, we get the following form of the second-order
seismic-wave equation:

ρü ¼ ð∇λÞð∇ · uÞ þ ∇μ · ½∇u þ ð∇uÞT 
þ ðλ þ 2μÞ∇∇ · u − μ∇ × ∇ × u þ f;

(3)

where ü ¼ ∂2 u∕∂t2 is the acceleration vector field; ∇ ¼ ½∂i ; ∂j ; ∂k 
is the gradient operator; and ∇ · is the divergence operator.
The first two terms on the right side of the above equation appear
when the Lamé parameters are inhomogeneous. The last two are the
only remaining terms that govern the wave propagation behavior
when the elastic medium is homogeneous. Most of the derivations
in the literature drop the first two terms in this equation by assuming
that the medium is relatively smooth (e.g., Aki and Richards, 1980;
Ikelle and Amundsen, 2005; Ben-Menahem and Singh, 2012). Following the Helmholtz decomposition, we define the P- and S-wave
potential fields as P ¼ ∇ · u and S ¼ ∇ × u. In a homogeneous
medium, the P- and S-wave modes are governed by the following
two fully decoupled wave equations:

P̈ ¼

ðλ þ 2μÞ 2
1
∇ P þ ∇ · f;
ρ
ρ

μ
1
S̈ ¼ ∇2 S þ ∇ × f:
ρ
ρ

(4)

(5)

These are the wave equations commonly seen in standard textbooks,
which do not provide any information on the interaction between
different wave modes and the medium.
In this paper, we study the wave equation in a more general
medium in which the Lamé parameters are heterogeneous but
the density is uniform. Because the density only affects the scaling
on the source term, we assume ρ ¼ 1 from now on without losing
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generality. Taking the divergence of equation 3 on both sides of
equation 3 without dropping the first two terms, we obtain

•

Discontinuities in the P-wave velocity V P are transparent
to S-waves if they are not collocated with the S-wave
velocity discontinuities.

P̈ ¼ P∇2 λ þ ∇λ · ∇P þ 2∇μ · ½∇P − ∇ × S
(6)

Taking the curl of equation 3 on both sides without dropping the
first two terms, we obtain

S̈ ¼ ∇μ · ∇Sþð∇μÞ×½2∇P−∇×Sþμ∇2 Sþ∇×f:

(7)

Details of the derivation can be found in Appendix A. Let us summarize the final coupled P- and S-wave equations with α ¼ V 2P ¼
ðλ þ 2μÞ∕ρ and β ¼ V 2S ¼ μ∕ρ defined as the squared P- and
S-wave velocity, respectively,

P̈ ¼ P∇2 α þ 2∇α · ∇P − 2P∇2 β − 2∇β · ∇ × S
þ α∇2 P þ ∇ · f;

(8)

S̈ ¼ ∇β · ∇S − ð∇βÞ × ð∇ × SÞ þ 2ð∇βÞ × ð∇PÞ
þ β∇2 S þ ∇ × f:

(9)

Landers and Claerbout (1972) showed a similar formulation, ignoring second and higher-order derivatives of the medium parameters.
The resulting equations do not fully capture the wave-medium interaction at the interface. Compared with equations 4 and 5, these
coupled second-order equations clearly define the interaction between the P- and S-wave potentials during propagation. They enable efficient elastic modeling schemes in which only four fields
(one for P and three for S) are propagated in 3D. The P- and S-wave
potential fields are propagated simultaneously, and the coupling effects are included at each time step. Furthermore, the P- and S-wave
potentials are automatically separated without the additional Helmholtz decomposition that is needed for conventional elastic modeling schemes. Finally, the following important physics can be clearly
observed from the equations:

To verify these observations, we model elastic data by solving the
first-order system defined by equations 1 and 2 with a staggeredgrid implementation of finite difference (Fang et al., 2013). The grid
spacing is 5 m in both spatial directions, and the time step is 0.5 ms.
An explosive source with a 15 Hz Ricker wavelet is used to generate
a pure P-wave source wavefield. Figure 1 shows a simple elastic
model in which three planer scatterers sit in a homogeneous elastic
background. The first and second scatterers are caused by pure Pvelocity and pure S-velocity perturbation, respectively. The third
scatterer contains P- and S-velocity perturbations. The resulting
P- and S-wave potential data are plotted in Figure 2. As expected
from the new set of wave equations, three reflected P-wave events
are observed (corresponding to PP1, PP2, and PP3 in Figure 1),
whereas only two strong reflected converted S-wave events (PS2
and PS3 in Figure 1) are observed. The two weaker events correspond to two transmitted converted events (PSS and PPS in Figure 1). The numerical example clearly demonstrates that mode
conversion only happens at S-velocity discontinuities.

ELASTIC IMAGING CONDITION BY WAVEFORM
FITTING
In this section, we derive the imaging condition for elastic
RTM by solving waveform fitting optimizations for different wave
modes.

Born approximation from the perturbation theory
Assume that the squared P- and S-wave speeds can be decomposed into a smooth background and a rough perturbation such
as α ¼ α0 þ δα and β ¼ β0 þ δβ. Consequently, the P- and S-wave0

1) In equation 8, four components contribute to P-wave propagation besides the divergent component of the source:

PP1

500
•
•
•
•

P-P scattering at V P discontinuities (first and second
terms)
P-P scattering at V S discontinuities (third term)
S-P conversion at V S discontinuities (fourth term)
P-wave propagation governed by the P-wave velocity
(fifth term).

2) In equation 9, three components contribute to S-wave propagation besides the curl component of the source:
•
•
•

S-S scattering at V S discontinuities (first and second
term)
P-S conversion at V S discontinuities (third term)
S-wave propagation governed by S-wave velocity
(fourth term).

3) On mode conversion:
•

Mode conversion only happens at S-wave velocity V S
discontinuities. If ∇β ¼ 0, P- and S-waves are fully
decoupled.

PSS

PPS

P scatter

PS2
PP2
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z (m)

Downloaded 08/14/18 to 73.4.224.95. Redistribution subject to SEG license or copyright; see Terms of Use at http://library.seg.org/

þ ∇ðλ þ 2μÞ · ∇P þ ðλ þ 2μÞ∇2 P þ ∇ · f:

S401

S scatter

PS3
PP3

1500

P and S scatter

2000
VP = 3000 m/s; VP = 1500 m/s

2500
3000

0

1000

2000

3000

x (m)

Figure 1. A homogeneous elastic model with P- and S-wave velocity discontinuities. Properties of the planar scatters are labeled at
each discontinuity location. The green ray paths denote the incident
P- and reflected P-waves. The red ray paths denote the reflected
converted S-waves. Notice that the first discontinuity, being a Pscatterer, does not generate converted S-waves. The blue ray paths
denote the transmitted converted S-waves.
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fields are also decomposed into background and perturbed wavefields such as P ¼ P0 þ δP and S ¼ S0 þ δS.
Substituting the above relations into equations 8 and 9, we get the
background P- and S-wavefields
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∂2
2
− α0 ∇ P0 ¼ ∇ · f;
∂t2

(10)


∂2
2
−
β
∇
S0 ¼ ∇ × f;
0
∂t2

(11)

where the left sides of the equations show the same propagation as
the background fields, and the right sides show the “virtual” or “secondary” sources that are due to the interaction between the background fields and the discontinuities in the P- and S-wave velocities.
We note Πp ¼ ð∂2 ∕∂t2 Þ − α0 ∇2 and Πs ¼ ð∂2 ∕∂t2 Þ − β0 ∇2 as
the propagation operators for the P- and S-waves, respectively. With
equations 12 and 13, we can define the partial derivatives (which are
second-order tensors) of the scattered wavefields with respect to
the velocities through its dot product with augmented vectors ξ,
η, and ψ:

∂P
2
ξ ¼ Π−1
p ∇ ðξP0 Þ;
∂α

where the left sides of the equations show the propagation of P- and
S-wave potential fields and the right sides denote the sources for the
respective fields.
Ignoring all the higher order perturbations, we get the Born approximations for the first-order scattered wavefields as follows:



2

∂P
2
−1
η ¼ −2Π−1
p P0 ∇ η − 2Πp ∇η · ð∇ × S0 Þ;
∂β

(14)

(15)

and



∂
− α0 ∇2 δP ¼ ∇2 ðδαP0 Þ − 2P0 ∇2 δβ
∂t2
− 2∇δβ · ð∇ × S0 Þ

(12)

∂S
−1
2
−1
ψ ¼ Π−1
s ∇ψ · ∇S0 þ Πs ψ∇ S0 þ 2Πs ð∇ × S0 Þ
∂β
× ∇ψ − 2Π−1
s ð∇P0 Þ × ∇ψ:

(16)

and



The adjoint operators of the partial derivatives are defined through
the following dot product relations and the augmented data vectors
ζ p and ζ s :


∂2
2 δS ¼ ∇δβ · ∇S þ δβ∇2 S
−
β
∇
0
0
0
∂t2
þ ∇δβ × ð2∇P0 − ∇ × S0 Þ;



(13)



∂P
∂β



∂P
∂α



ζ p ¼ 4ð∇2 P0 Þ · ðΠ−
p ζ p Þ;

(17)

−
ζ p ¼ −2ð∇2 P0 Þ · ðΠ−
p ζ p Þ − 2ð∇ × S0 Þ · ∇ðΠp ζ p Þ;

(18)
and



∂S
∂β



−
ζ s ¼ 4ð∇2 S0 Þ · ðΠ−
s ζ s Þ þ 2ð∇ × Πs ζ s Þ

· ð∇ × S0 Þ − 2ð∇ × Π−
s ζ s Þ · ð∇P0 Þ:

(19)

Details of the derivation are shown in Appendix B.
When an explosive source is used, ∇ × f ¼ 0, and S0 ¼ 0. The
adjoint operators are
Figure 2. (a) The P-wave potential recorded on the surface and
(b) S-wave potential recorded on the surface. One trace with normalized amplitudes is extracted at x ¼ 1.5 km on each record.
Three reflected P-wave events are observed, whereas only two
strong reflected converted S-wave reflection events are observed.
The weaker S-wave events are the transmitted converted waves.
On the P-data, the second reflected P-wave event from the S-scatterer shows a different polarity compared with the other two events
from the P-scatterer. On the S-data, the second reflected converted
S-wave event shows a flipped polarity as the reflection angle increases.





and

∂P
∂α

∂P
∂β





ζ p ¼ 4ð∇2 P0 Þ · ðΠ−
p ζ p Þ;

(20)

ζ p ¼ −2ð∇2 P0 Þ · ðΠ−
p ζ p Þ;

(21)
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∂S
∂β



ζ s ¼ −2ð∇ × Π−
s ζ s Þ · ð∇P0 Þ:

(22)

Equations 20 and 21 show that reflected P-wave data cannot differentiate their origin: The sensitivities to V P and V S discontinuities
are the same up to a sign and a scaling difference. The converted
S-wave data, however, contain unique information about the V S discontinuities in the subsurface. Wang and Cheng (2017) have shown
similar observation from the numerically calculated Hessian and
resolution matrices.
The opposite contributions of P- and S-velocity discontinuities to
the P-potential data can be clearly observed from the simulated data
in Figure 2a. Although all scatterers in the P- and S-velocities are
positive perturbations, the second reflected P-wave event from the
S-scatterer shows a different polarity than the other two events. The
overlying traces show data recorded for P- and S-potentials at x ¼
1000 m to highlight the polarity differences. Moreover, when the Pand S-velocities are increased, a flipped polarity can be observed on
the converted S-data as the reflection angle increases.

Waveform fitting with different wave modes
Given the background P- and S-wave velocity models (α0 ; β0 ),
we can model the background P- and S-potential fields using equations 10 and 11. We define the following objective function to
match the modeled P-wave data with the recorded P-wave data:

1
Jp ðα; βÞ ¼ kdp − dp0 k22 ;
2

(23)

and the gradients of the objective function with respect to the P- and
S-wave velocities are


∇α Jp ¼

∂P
∂α


α¼α0 ;β¼β0

ðdp − dp0 Þ

¼ 4ð∇2 P0 Þ ðΠp Þ− δdp ;


∂P
∇β Jp ¼
∂β


α¼α0 ;β¼β0

(24)

ðdp −dp0 Þ

¼ −2ð∇2 P0 Þ ðΠp Þ− δdp −2ð∇×S0 Þ · ∇ðΠ−
p δdp Þ: (25)
We define the adjoint P-wavefield δup , the solution of the following
wave equation:



∂2
− α0 ∇2
∂t2



δup ¼ δdp ;

(26)

which is the backward propagation of the P-wave data residuals
with P-wave background velocity, and approximates the scattered
P-wavefield.
We define another objective function to match the modeled
S-wave data with the recorded S-wave data:

1
Js ðα; βÞ ¼ kds − ds0 k22 ;
2

(27)
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and the gradients of the objective function with respect to the
velocities

∇α Js ¼ 0;

∇β J s ¼

∂S
∂β


α¼α0 ;β¼β0

(28)

ðds − ds0 Þ

−
¼ 4ð∇2 S0 Þ · ðΠ−
s δds Þ þ 2ð∇ × Πs δds Þ · ð∇ × S0 Þ

−2ð∇ × Π−
s δds Þ · ð∇P0 Þ:

(29)

We define the adjoint S-wavefield δus , the solution of the following
wave equation:



∂2
− β 0 ∇2
∂t2



δus ¼ δds ;

(30)

which describes the backward propagation of the S-wave data residuals with the S-wave background velocity. Equation 30 denotes
three independent S fields, each of which is solved using the scalar
wave equation.
The first gradients of the objective functions are often called images. Equation 24 corresponds to the conventional “PP” image condition. The second term in equation 25 corresponds to the “SP”
converted image condition. The first two terms in equation 29 correspond to the conventional “SS” image condition. The last term in
equation 29 corresponds to the “PS” converted image condition.
Notice that in the converted image conditions, the gradient on P
and the divergence on the S-wavefields falls naturally within the
waveform fitting objective function and hence produces images that
are consistent with the S-wave perturbation. The commonly seen
phase-conversion effects at normal P-wave incidents are automatically removed with these imaging conditions (Xiao and Leaney,
2010; Wang and McMechan, 2015; Wang et al., 2016; Du et al.,
2017; Shabelansky et al., 2017).
Figure 3 shows the PP-reflection image given in equation 24
(Figure 3a) and the PS-converted image given in equation 29 (Figure 3b). Although the data are modeled using the elastic propagator,
both images are obtained by solving scalar wave equations for
source and receiver wavefields. The converted PS-image shows coherent phase along the S-velocity scatterers without any additional
phase corrections. Images obtained by solving elastic-wave equations and the same imaging conditions (equations 24 and 29)
are shown in Figure 3c and 3d, which are identical to the images
obtained using acoustic implementations except for the boundary
artifacts.
The PP-reflection image (Figure 3a), as an approximation to the
P-velocity perturbation, is contaminated with an S-scatterer, which
appears with the opposite polarity as the true S-velocity perturbations. The PS-converted image successfully identifies the S-velocity
perturbations with correct polarity and at a higher resolution. Therefore, joint interpretation and inversion of the PP- and PS-images
may help remove the crosstalks in the P-velocity perturbations.

NUMERICAL EXAMPLES
In this section, we demonstrate the accuracy and the efficiency of
the proposed method on 2D and 3D examples. In all numerical ex-
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amples, explosive sources are used to generate “pure” P-wave
source wavefields (before they convert to S-waves). Although
the analysis with an S-wave source is an easy extension, we do
not consider the S-wave source in this paper.

Figure 4a and 4b shows the Marmousi P-wave velocity model for
elastic simulation and for migration, respectively. The corresponding S-wave velocity model is computed from V P with a fixed ratio
of V P ∕V S ¼ 2. We use a constant density model (ρ ¼ 2500kg∕m3 )
for the simulation and the migration. We model
the 2C particle velocity fields by solving the firstorder system using a staggered-grid implementation of finite difference (Fang et al., 2013). There
are 101 sources spaced every 50 m and 1001
receivers spaced every 5 m. The source function
is a Ricker wavelet with a central frequency
of 15 Hz.
The particle velocity fields are separated using
Helmholtz decomposition at the receiver to generate P- and S-wave potential data that are back
propagated according to equations 26 and 30 for
elastic RTM. Using the scalar wave equation, PPand PS-images are obtained by three acoustic
wave simulations: one for the source-side Pwave, one for the receiver-side P-wave, and
one for the receiver-side S-wave. Figure 5 compares the PP- and PS-images obtained using
acoustic propagators (top row) with the corresponding images using elastic propagators (bottom row). When elastic propagators are used, the
Figure 3. The PP-reflection image, (b) PS-converted image using acoustic implemenP- and S-potential fields are obtained using
tation, (c) PP-reflection image, and (d) PS-converted image using elastic implementaHelmholtz decomposition during the propagation. One trace extracted at x ¼ 1.5 km is plotted on each image. The PP-reflection
image, an approximation to the P-velocity perturbation, is contaminated with an S-scattion before they are fed to the imaging conditions
terer that shows a different polarity as the true S-velocity perturbations. The PS-conin equations 24 and 29. The PP- and PS-images
verted image successfully identifies the S-velocity perturbations at higher resolution
generated using the acoustic propagator are very
due to the shorter wavelength of the S-waves.
similar to those generated using the elastic propagator, at a much lower computational cost. The
converted PS-images appear to be noisier than
the PP-images, mainly due to the more severe
source aliasing with respect to the shorter wavelengths of the S-waves. Both converted PS-images show higher resolution structures with
coherent events free of polarity reversal effects.
In addition, PP- and PS-images generated usFigure 4. (a) Marmousi model in V P for elastic simulation and (b) smoothed Marmousi
ing acoustic propagators show fewer near3
model in V P for RTM. We use a constant density model (ρ ¼ 2500kg∕m ) and a conreceiver artifacts than those generated using elasstant V P ∕V S ¼ 2.
tic propagators. These artifacts are caused by the
unphysical wave mode conversion during the
backward propagation of the recorded data and
will be analyzed in more details in the “Discussion” section. Stacking more sources and using
4C measurement could reduce these artifacts
in the elastic images (Ravasi and Curtis,
2013), which is beyond the scope of this study.
To demonstrate the proposed method in 3D,
we design a simple two-scatterer model with a
dipping V S scatterer and a flat V P scatterer.
The small 3D model is 500 × 500 × 500 m3 in
size, with 5 m grid spacing in all directions. A
total of 36 shots with 100 m spacing in x and
y are simulated using the same elastic propagator.
The 3C particle velocity fields and the correFigure 5. (a and b) The PP-reflection image and PS-converted image using acoustic
propagators, respectively. (c and d) The PP-reflection image and PS-converted image
sponding P- and S-potential fields are recorded
using elastic propagators, respectively.
at 601 receivers with 10 m spacing in the x
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and y directions. The source wavelet is a 20 Hz Ricker wavelet.
Conventional elastic RTM requires back propagation of the 3C
particle velocity using an elastic propagator. When a first-order system is solved, nine coupled fields are propagated. Figure 6 shows
the PP-image (Figure 6a) and PS-image (Figure 6b) obtained using
elastic back propagations. Two reflectors show up on the PP-image
with different polarities, whereas only the dipping reflector shows
up on the PS-image because S-waves are “blind” to V P perturbations. The artifacts at approximately z ¼ 100 m are due to the unphysical mode conversion at the receiver location.
In the decomposed recorded data, the P-wave potential is a scalar
field and the S-wave potential is a vector field with three components. Each of the three components in the S-wave potential field is
treated as a scalar field, and it is back propagated using acoustic
propagators at the S-wave speed. To perform elastic RTM, a total
of five, fully decoupled, acoustic propagations are needed. Figure 7
shows the PP-image (Figure 7a) and PS-image (Figure 7b) obtained
using acoustic back propagations. The match in phase and (relative)
amplitude between Figures 6 and 7 demonstrates the accuracy of the
proposed method. The near-receiver artifacts are not present when
acoustic back propagations are used. Notice that both converted PSimages (Figures 6b and 7b) are free of the polarity reversal effects,
which demonstrates the effectiveness of the purposed imaging condition.

DISCUSSIONS
The new formulation of the wave equations we derived in this
study offers important insights to the elastic wave imaging. First,
elastic wave simulation and imaging may be performed at a much
lower computational cost. When an explosive source is used in
RTM (as in the above numerical studies), the source-side wavefields
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can be simulated using acoustic operators, no matter whether acoustic or elastic propagators are used for the receiver-side backward
propagation. Hence, we are able to reduce the source-side forward
propagations of the elastic implementations to the same cost as the
acoustic implementation. On the receiver side, the acoustic backward propagation consists of one simulation for P and one simulation for S in the 2D case. It consists of one simulation for P
and three simulations for S in the 3D case. Elastic backward propagation consists of only one simulation for 2D and 3D cases.
Table 1 shows the comparison of the memory cost for each simulation, the run time for each simulation, and the number of simulations needed for the acoustic and elastic backward propagations.
The computation times are measured with one shot based on a 15CPU MPI parallelization. Evidently, dramatic memory reduction is
achieved using the acoustic implementation. Our acoustic implementation for the simulations is serial due to the limited computation power. However, these simulations are independent and can be
easily parallelized. With more CPUs and when the model size increases in 3D, the computational saving using the acoustic implementation will be more significant. Moreover, when a more general
source is used, the source-side propagation requires the same
amount of computation as the receiver-side propagation. Hence,
the acoustic implementation will enable PP, PS, SS, and SP imaging
at a fraction of the cost of the elastic implementation.
In addition, elastic RTM images obtained by acoustic propagators are free of the artifacts caused by the unphysical wave mode
conversion during backward propagation of the recorded data.
There are two types of unphysical waves during elastic backward
propagation, both caused by mode conversion. The first unphysical
mode conversion happens at the injection location for the receiver
data. Because wavefields are only recorded at one depth location for
surface acquisition, boundary conditions needed in the finite-differ-

Figure 6. (a) The PP- and (b) PS-images in three dimensions obtained by elastic back propagations. One trace of the image is extracted at
x ¼ 250 m and z ¼ 250 m. Notice that the near-receiver artifacts at z ¼ 100 m are caused by the unphysical mode conversion at the receiver
location during back propagation.
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Figure 7. (a) The PP- and (b) PS-images in three dimensions obtained by acoustic back propagations. One trace of the image is extracted at
x ¼ 250 m and z ¼ 250 m.

Table 1. Comparison of numerical complexity.

Memory cost (3*)
Time for one simulation (min)
Number of simulation

2D acoustic (n ¼ 601)

2D elastic (n ¼ 601)

3D acoustic (n ¼ 101)

3D elastic (n ¼ 101)

n2
0.8
2

n2  5
2.5
1

n3
1.4
4

n3  9
6.4
1

ence backward propagation have to be set artificially. Because these
artificial boundary conditions do not preserve the mode information, they result in mode conversion right at the receiver location
at the beginning of the backward propagation. These unphysical
events in the backward-propagation fields may correlate with the
source wavefields and generate high-angle artifacts near the receiver
location (see Figure 5).
A second type of unphysical waves during elastic backward
propagation happens at sharp interfaces in the S-velocity model.
The “in situ” mode conversion during backward propagation not
only generates more unphysical events, but it also brings imprints
of the S-wave velocity model to the images, most evidently on the
PS-converted images. As a result, the images obtained by elastic
back propagation show higher amplitudes than those obtained using
acoustic propagators (comparing Figure 5b and 5d). In synthetic
imaging experiments, imprints of the high-wavenumber components of the S-velocity model may result in an accurate, high-resolution converted image even in places with very weak source and
receiver illumination.
In our proposed method, an essential component is the wave
mode separation on the data. Although we obtain a clean separation
using Helmholtz decomposition during simulation in this paper, it
has been demonstrated that effective P- and S-wave separation can

be achieved with limited assumptions using vector rotation (Wang
et al., 2002), f-k filtering (Li et al., 2015), wavefield extrapolation
(Sun et al., 2004), and reciprocity between source and receivers
(Huang and Milkereit, 2007). Accurate P- and S-wave separation
in more complex media and general geometry will be investigated
in subsequent studies.
Throughout the derivations and the discussions in the paper, we
use the assumption that the earth density is constant or sufficiently
smooth within the seismic bandwidth, which may be violated in
complex geologic environments. In these cases, the P- and S-waves
are always coupled at the density discontinuities. After elastic RTM,
the PP-reflection and PS-converted images are contaminated with
the density perturbations. Waveform inversion including variable
density models is needed to remove the imprint of density from
the images of P- and S-velocity perturbations.

CONCLUSION
We present a new set of coupled second-order elastic-wave equations to describe P- and S-wave propagation in heterogeneous elastic media with constant densities. The new equations lead to
physically meaningful imaging conditions for PP-reflection and
PS-converted waves, which can be efficiently implemented using

Elastic RTM using acoustic propagators
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acoustic propagators after wave mode separation on the data. Synthetic examples in two dimensions and three dimensions demonstrate the accuracy of the wave equation and the proposed
imaging condition.
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∂P
ξ; ζ p
∂α


¼

   
∂P
ζp ;
ξ;
∂α

(B-1)

where the left side



∂P
ξ; ζ p
∂α


2
¼ hΠ−1
p ∇ ðξP0 Þ; ζ p i

¼ h∇2 ðξP0 Þ; Π−
p ζpi

APPENDIX A

¼ hξ; 4ð∇2 P0 Þ · ðΠ−
p ζ p Þi;

DERIVATIONS OF THE P- AND S-WAVE
POTENTIAL EQUATIONS
Assuming uniform density, taking the divergence of equation 3
on both sides, we obtain

(B-2)

we obtain the adjoint operator of ∂P∕∂α as



ρP̈ ¼ ∇ · ðP∇λÞ þ ∇ · ∇μ · ½∇u þ ð∇uÞT 

∂P
∂α



ζ p ¼ 4ð∇2 P0 Þ · ðΠ−
p ζ p Þ:

(B-3)

þ ∇ · ½ðλ þ 2μÞ∇P − ∇ · ðμ∇ × SÞ þ ∇ · f
¼ P∇2 λ þ ∇λ · ∇P þ ∇μ · ½∇ · ∇u þ ∇ · ð∇uÞT 

Similarly, from the dot product



þ ∇ðλ þ 2μÞ · ∇P þ ðλ þ 2μÞ∇2 P − ∇μ · ∇ × S þ ∇ · f
¼ P∇2 λ þ ∇λ · ∇P þ ∇μ · ½∇2 u þ ∇∇ · u
þ ∇ðλ þ 2μÞ · ∇P þ ðλ þ 2μÞ∇2 P − ∇μ · ∇ × S þ ∇ · f
¼ P∇2 λ þ ∇λ · ∇P þ 2∇μ · ½∇P − ∇ × S
þ ∇ðλ þ 2μÞ · ∇P þ ðλ þ 2μÞ∇2 P þ ∇ · f:

(A-1)

∂P
η; ζ p
∂β


¼

(B-4)

where the left side




∂P
2
−1
η;ζ p ¼ −2hΠ−1
p P0 ∇ η;ζ p i − 2hΠp ∇η · ð∇ × S0 Þ; ζ p i
∂β
¼ −2hη;ð∇2 P0 Þ · ðΠ−
p ζ p Þi

Taking the curl of equation 3 on both sides, we obtain

− 2h∇η;ð∇ × S0 Þ · Π−
p ζp i

ρS̈ ¼ ∇ × ðP∇λÞ þ ∇ × ð∇μ · ½∇u þ ð∇uÞT Þ

¼ −2hη;ð∇2 P0 Þ · ðΠ−
p ζ p Þi

þ ∇ × ½ðλ þ 2μÞ∇P − ∇ × ðμ∇ × SÞ þ ∇ × f

− 2hη;∇ · ðð∇ × S0 Þ · ðΠ−
p ζ p ÞÞi

¼ ð∇PÞ × ð∇λÞ þ ∇μ · ∇S þ ð∇λÞ × ð∇PÞ þ 2ð∇μÞ

¼ −2hη;ð∇2 P0 Þ · ðΠ−
p ζ p Þi

× ð∇PÞ − μ∇ × ∇ × S − ð∇μÞ × ð∇ × SÞ þ ∇ × f

− 2hη;ð∇ × S0 Þ · ∇ðΠ−
p ζ p Þi;

¼ ∇μ · ∇S þ ð∇μÞ × ½2∇P − ∇ × S þ μ∇2 S þ ∇ × f: (A-2)
In the derivation, the following identities are used in addition to the
common vector operator identities:

(B-5)

we obtain the adjoint operator of ∂P∕∂β as





∇ · ð∇uÞ ¼ ∇∇ · u

(A-3)

∂P
∂β

∇ × ∇μ · ½∇u þ ð∇uÞT  ¼ ∇μ · ∇S:

(A-4)

Finally, from the dot product

T

   
∂P
ζp ;
η;
∂β

−
ζ p ¼ −2ð∇2 P0 Þ · ðΠ−
p ζ p Þ − 2ð∇ × S0 Þ · ∇ðΠp ζ p Þ:

(B-6)

and

It is nontrivial to prove these identities. We achieve the derivation by
writing the vector operations explicitly. These derivations also assume that the density of the earth is constant despite the changes in
the Lamé parameters.



∂S
ψ; ζ s
∂β

where the left side




¼


ψ;

∂S
∂β

 
ζs ;

(B-7)
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∂S
−1
2
ψ;ζ s ¼ hΠ−1
s ∇ψ · ∇S0 ;ζ s i þ hΠs ψ∇ S0 ;ζ s i
∂β
þ 2hΠ−1
s ð∇ × S0 Þ × ∇ψ;ζ s i
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− 2hΠ−1
s ð∇P0 Þ × ∇ψ;ζ s i
2
−
¼ hψ;∇S0 · ð∇Π−
s ζ s Þi þ hψ;∇ S0 · ðΠs ζ s Þi

þ 2hð∇ × S0 Þ × ∇ψ;Π−
s ζs i
− 2hð∇P0 Þ × ∇ψ;Π−
s ζsi
2
−
¼ hψ;∇S0 · ð∇Π−
s ζ s Þi þ hψ;∇ S0 · ðΠs ζ s Þi

þ 2hð∇ψ;Π−
s ζ s × ð∇ × S0 Þi
− 2h∇ψ;Π−
s ζ s × ð∇P0 Þi
2
−
¼ hψ;∇S0 · ð∇Π−
s ζ s Þi þ hψ;∇ S0 · ðΠs ζ s Þi
−
þ 2hψ;ð∇ × Π−
s ζ s Þ · ð∇ × S0 Þi þ 2hψ;ðΠs ζ s Þ

· ð∇2 S0 Þi−2hψ;ð∇ × Π−
s ζ s Þ · ð∇P0 Þi
−
¼ 4hψ; ∇2 S0 · ðΠ−
s ζ s Þi þ 2hψ;ð∇ × Πs ζ s Þ

· ð∇ × S0 Þi−2hψ;ð∇ × Π−
s ζ s Þ · ð∇P0 Þi;

(B-8)

we obtain the adjoint operator of ∂S∕∂β as



∂S
∂β



−
ζ s ¼ 4ð∇2 S0 Þ · ðΠ−
s ζ s Þ þ 2ð∇ × Πs ζ s Þ

· ð∇ × S0 Þ − 2ð∇ × Π−
s ζ s Þ · ð∇P0 Þ:

(B-9)

Equations B-3, B-6, and B-9 are the adjoint operators in equations 17, 18, and 19.
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