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This work presents experimental data to determine the apparent fracture toughness, K Q , from hydraulic fracturing in a penny-shaped crack for frozen sand. An initial crack, represented by a circular plastic, is embedded in
the specimen during the preparation with a pipe positioned perpendicular to the center of the circular crack in
order to inject liquid into the penny-shaped crack. In determining the K Q , the ﬁrst approach directly utilizes the
penny-shaped crack stress-intensity factor (SIF), which requires the hydraulic pressure and crack radius dimension. The second approach combines the volume in the penny crack with the SIF, in which K Q is determined
without using the crack radius dimension. The third approach (brittleness) explores the stress in the uncracked
ligament to estimate the tensile strength (σt ) and characteristic length (lch ), which is related to the apparent
fracture toughness. The K Q from these hydraulic fracturing approaches are validated via three-point bend (TPB)
on notched and unnotched beams for frozen sand, using the same dimensions and preparation method. The
hydraulic fracturing experimental results indicated that the values of K Q , σt , and lch for frozen sand are
0.22–0.66 MPa√m, 7.5–9.5 MPa, and 0.8–7.6 mm, respectively, which are comparable to the TPB results. An
important outcome of this work allows for the determination or estimation of K Q , σt and lch for a material like
methane hydrate in sand that is diﬃcult to obtain using the standard test setup under the atmospheric conditions.

1. Introduction
Hydraulic fracturing is often employed in the petroleum systems to
stimulate the reservoir for a better oil & gas production. Experiments
mimicking the in-situ hydraulic fracturing conditions are usually conducted to evaluate its feasibility. The majority of hydraulic fracturing
experiments on cementing materials have an initial crack, borehole or
injection pipe inserted/drilled into the specimens after they are formed
(Bahorich et al., 2012; Bunger and Jeﬀrey, 2004; Clifton et al., 1976;
Jin et al., 2013; Kim and Abass, 1991; Matsunag et al., 1993; Medlin
and Masse, 1984; Olson et al., 2012; Suarez-Rivera et al., 2006; Zoback
et al., 1977). The usual data recorded are the injection pressure-time
and ﬂow rate measurements, while some studies have included acoustic
monitoring system, strain measurements, or high precision visual
equipment. The injection liquid varies from non-viscous (water) to
viscous (oil) liquid and fractures are initiated/propagated using constant injection rate, which is highly varied from 0.5 to 200 mL/min for
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specimen size up to 400 × 400 mm at the fracturing plane. These experiments are usually conducted under conﬁned or external stresses to
mimic the hydraulic fracturing inside a wellbore under the ﬁeld stress
conditions. Some have focused on investigating the geometrical parameters (wellbore and crack size, and directionality of initial crack with
respect to applied stresses), eﬀects of liquid viscosity and injection
rates, and fractures induced from the injection. Strength failure and
linear elastic fracture mechanics (LEFM) are commonly employed in
evaluating the obtained experimental results (Jin et al., 2013; Zoback
et al., 1977; Haimson and Fairhurst, 1969; Hubbert and Willis, 1957;
Ito et al., 1999; Ito and Hayashi, 1991). The fracture toughness of these
cemented materials are determined from the laboratory standard tests,
such as three-point bend on single-edge-notched beam (SENB) or
compact pull tests. These values would be used in the hydraulic fracturing analysis to estimate the pressure required in fracturing the material (Jin et al., 2013). One commonality in all of these hydraulic
fracturing experiments is the handling of the specimens at atmospheric
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Fig. 1. Illustration of two-dimensional crack under constant pressure in (a) and a
three-dimensional penny crack in (b).

made by Konno et al. (2016) in conducting hydraulic fracturing of
synthetic methane hydrate in sand has reported the possibility of
fracturing with a net injection pressure obtained. Hence, this work (and
in Part II) enables the interpretation/association of the experimental
hydraulic fracturing results into the fracture toughness of the material
by utilizing a penny-shaped crack solution. It is worth noting that
methane hydrate-bearing sand is a source of methane gas found under
the permafrost and in deep water marine sediments (Collett, 2014;
Collett et al., 2011; Uchida et al., 2005). The possibility of creating
artiﬁcial fractures in hydrate-bearing sand may ultimately improve the
gas production from the natural occurring hydrate-bearing sand.

conditions, either to induce a pre-notched crack or drill a miniature
wellbore before the specimens are transferred to a conﬁned/externally
stressed setup to initiate the liquid injection in fracturing the material.
This procedure would be extremely cumbersome for methane hydrate
in sand specimens (or for that matter, any other specimens) which exists other than under normal atmospheric conditions.
This work investigates the hydraulic fracturing of frozen sand in a
penny-shaped crack. Contrary to the references mentioned, the initial
crack and pipe are installed prior to forming the specimens. It does not
require further handling of specimens at the standard temperature and
pressure before the test proceeds, which is suitable for methane hydrate
in sand. The control of the geometrical shape and dimension of the
initial crack allows for the determination of fracture toughness using
the theoretical formulations which are available in the standard reference (Tada et al., 2000). This work will use synthetic frozen sand
specimens made in the laboratory to have the similar typical composition to methane hydrate in sand. Additional standard test will be
conducted on the frozen sand specimens in order to validate the fracture toughness determined from the hydraulic fracturing approach.
In the brittle material fracture tests, such as ice and frozen soil,
ASTM E399 (standard test guidelines for metallic materials) is often
adopted when limited guidelines are available (ASTM, 2013; Dempsey,
1991; Konrad and Cummings, 2001; Li and Yang, 2000; Dempsey et al.,
1992). Due to the relaxation in some of the conditions for brittle material fracture test from the ASTM E399, the fracture toughness (KIC ) is
identiﬁed as the apparent fracture toughness, K Q (Dempsey, 1991). This
work is limited to determining the apparent fracture toughness (K Q ),
tensile strength (σt ) and characteristic length (lch ) of frozen sand
without the application of external stresses. Three approaches would be
employed in the hydraulic fracturing to provide several means to determine the K Q : (1) stress-intensity factor (SIF), (2) Volume-SIF, and (3)
brittleness approach. The K Q determined from SIF and Volume-SIF
under (1) and (2) uses the crack radius dimension, hydraulic pressure,
ﬂow-rate, time and elastic modulus of frozen sand. In the brittleness
approach, it involves the brittleness number that diﬀers from the various brittleness indexes deﬁned in the rock mechanics (Holt et al., 2015;
Jin et al., 2014; Zhang et al., 2016). The brittleness approach ﬁrst estimates σt and lch , and then ﬁnds the values of K Q . These values will be
validated by comparing the hydraulic fracturing results to the threepoint bend test.
The intent of this work is to extend the testing procedure for the
methane hydrate-bearing sand, which will be addressed in Part II of this
series of work. Methane hydrate-bearing sand is only stable at high
pressure and low temperature conditions (Too et al., 2015). It would be
diﬃcult to employ the standard test (ASTM E399 or otherwise) because
the handling of methane hydrate-bearing sand specimens must always
within the thermodynamic stability. Synthetic specimens formed inside
a pressure reactor will be impaired during the movement/transfer to
the standard test setup. Instead, the application of hydraulic fracturing
in methane hydrate-bearing sand may be an easier and consistent approach in determining its fracture properties. An attempt has been

2. Methodology
2.1. Hydraulic fracturing in a penny-shaped crack
Fig. 1 illustrates a crack under constant hydraulic pressure, p , in a
two-dimensional sharp crack and a three-dimensional penny-shaped
crack.
The stress-intensity factor (SIF) for a penny-shaped crack is given by
(Sneddon and Sih, 1973; Valko and Economides, 1995):

KQ =

2
n1 p R
π

(1)

where R is the crack radius dimension, p is the hydraulic pressure, and
n1 is a factor to account for the semi-inﬁnite solution for a penny crack
(Sneddon and Sih, 1973; Sneddon and Tait, 1963). In this text, the
geometrical crack radius is normalized by the height (or length) of the
boundary, W , which is the geometrical dimension with respect to the
crack plane or axis. In this study, three crack-height ratios (R/W) will
be conducted, in which the n1 for R/ W = 0.3, 0.5, and 0.7, are 1.0, 1.02,
and 1.165, respectively. The maximum hydraulic pressure attained at
failure is known as the breakdown pressure ( p = pb ). Equation (1) is
identiﬁed as the SIF approach.
The penny-shaped crack takes on an ellipsoid volume, V , that is
given by (Valko and Economides, 1995):

V=

8R3p
= Qt
3E

(2)

The penny-shaped crack volume is found from the hydraulic fracturing parameters: ﬂow-rate (Q ), time (t ), pressure ( p ) and elastic
modulus (E ). It is assumed that there is zero leak-oﬀ and constant
pressure acting from the center to the crack-tip during injection.
Substituting the radius, R , from Equation (1) into (2), the K Q is a
function of Q , t , p and E , which is identiﬁed as the Volume-SIF approach in equation (3) (Valko and Economides, 1995). That is,
1/6

24n16 Ep5 Qt ⎞
K Q = ⎜⎛
⎟
π6
⎝
⎠

(3)

The third approach, brittleness approach, involves the stress analysis in the uncracked ligament, in which the stress-intensity generated
610
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pb = σt

π
2α

lch
.
Weq

(9)

Likewise, curves deriving from σt and lch/ Weq can be plotted for
breakdown pressure ( pb , y-axis) versus the crack-height ratio (α eq or
R/ Weq , x-axis). The experimental results will provide the breakdown
pressure or nominal stress over the known crack-height ratio. They will
be overlaid onto the brittleness curves in the plot to determine the
tensile strength and characteristic length.
2.2. Three-point bend (TPB) on ﬂexural and single-edge-notched beam
(SENB)
In the ﬂexural beam bending, the maximum ﬂexural stress, σf , is
given by:

σf =
Fig. 2. (a) Stress-intensity generated from hydraulic pressure in a crack. (b) Constant
nominal stress approach in uncracked ligament.

p (πR2)
pα 2
=
π (W 2 − R2)
(1 − α 2)

(10)

where Pmax is the maximum load. Here, S , W and B are the length,
height and width of the ﬂexural beam, respectively (Fig. 5 (c)). The
elastic modulus (E ) is found from the linear load-vertical displacement
slope, , using load (P), length (S), and second moment of area (I)P / δ :

from the hydraulic pressure in the crack (Fig. 2 (a)), is represented by a
nominal stress in the uncracked ligament (Fig. 2 (b)).
The nominal stress in the uncracked ligament is given in the following:

σN =

3Pmax S
2W 2B

PS 3
(Maximum beam deflection at mid−span)
48EI
PS 3
=
(For rectangular beam)
4EBW 3
3
P S
E =
·
δ 4BW 3

δ =

(4)

where α = R/ W or known as crack-height ratio. The nominal stress in
Equation (4) is based on a circular area in the uncracked ligament, in
order to normalize the terms. However, the shape of the specimen, as
illustrated in Fig. 1, is based on a square plane. Hence, an equivalent
area is used to link between the circular to square plane area:

The fracture toughness of frozen sand is determined using the Pmax
in the TPB test. The apparent fracture toughness, K Q , is determined
from Equations (12) and (13), given as (Tada et al., 2000):

2
Auncracked = π (Weq
− R2)

KQ =

Weq =

Auncracked
+ R2
π

(5)

β=

KQ
σt Weq

=

lch
Weq

(6)

a
W

a
W

a
W

(1 + 2(a/ W ))(1 − a/ W )1.5

3. Experimental setup
3.1. Specimen preparation
Frozen sand specimens were made in the laboratory. A rectangular
mould was constructed to make the ﬂexural beam, SENB and hydraulic
fracturing specimens. The mould comprised of two plates and a body
(Fig. 3(a)). By using a strong material for the mould, such as stainless
steel in this study, it would alleviate the ice expansion in the specimens,
which was reported to occur using a Plexiglass (Baker, 1979). The sand
have nominal grain size of 0.1–0.5 mm (d50 = 0.25 mm) and composed
of 99% quartz (RiverSands, 2010). The rectangular mould was ﬁlled
with a known amount of sand (by weight) and submerged into a water
basin to saturate the specimen with water. Then, the water saturated
sand inside the mould was left to freeze overnight in a refrigerating ice
box with temperature of −20 °C. Once the frozen sand specimens were
removed from the mould, they were wrapped in plastic ﬁlm and sealed
oﬀ to prevent sublimation from occurring throughout the storage
period (Nixon and Weber, 1991). The weight of the sand and water, and
the volume of the specimens determined the water content, void ratio,
porosity and water saturation using basic soil mechanics approach
(Whitlow, 2001). The general dimension of the specimen was 300 mm

⎟

(7)

By substituting the pressure, p , in the nominal stress from Equation
(4) into the stress-intensity factor in Equation (1), an expression relating the brittleness number, nominal stress and tensile stress from
Equation (6), is derived as follows,

β
σN
πα 2
= β·
≡
σt
2n1 α (1 − α 2)
f (α )

a 2
W

( )(1 − ) ⎡⎣2.15 − 3.93 ( ) + 2.7 ( ) ⎤⎦

Equation (13) represents the geometrical/shape boundary factor for
the prescribed test geometry. Diﬀerent specimen shape and loading
setup will entail a diﬀerent factor in Equation (13), which can be found
from reference (Tada et al., 2000).

2

⎜

1.99 −

(12)

(13)

where σt is the tensile strength and lch is the characteristic length, deﬁned by Hillerborg et al. (1976), given as:

KQ
lch = ⎛ ⎞
⎝ σt ⎠

3Pmax S
aπ
a
·
·F ⎛ ⎞
2B W 1.5 W
⎝W ⎠

a
1
F⎛ ⎞ =
·
π
⎝W ⎠

Here, Auncracked is the uncracked ligament area and the crack-height
ratio in Equation (4) is now α eq = R/ Weq . The brittleness number (β ),
introduced by Carpinteri (1982), is a dimensionless number that relates
the apparent fracture toughness, tensile strength of the material and the
geometrical height (W), which is given in the following:

(11)

(8)

From Equation (8), brittleness curves (β or lch/ Weq ) can be plotted
on a nominal-tensile stress ratio (σN / σt , y-axis) versus the crack-height
ratio (α eq or R/ Weq , x-axis). This brittleness approach is similar to
Dempsey (1991) ice fracture toughness test, in which the relationship
between the stresses across the crack-height ratio at varying brittleness
number are displayed. Similarly, the breakdown pressure ( p = pb ) is
related to σt , β and α by substituting the nominal stress in Equation (4)
into Equation (8):
611
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Fig. 3. (a) Three-piece rectangular mould. (b) Flexural beam specimen and (c) SENB specimen.

in length, 70 mm in height and 65 mm in width.
The ﬂexural beam specimens took the full rectangular mould shape
while the SENB specimens had included a notch with embedded thin
plates at the base of the notch which mounted the crack mouth opening
displacement (CMOD). Both of the ﬂexural and SENB specimens are
shown in Fig. 3 (b) and (c). All of the specimens had porosity of 40–44%
and water saturation of 65–81%.
For the hydraulic fracturing specimens, a circular crack, as illustrated in Fig. 1, was embedded into the specimen during the sandﬁlling process. A circular thin (0.17 mm) and ﬂexible hydrophobic
plastic sheet was used as a penny-shaped crack, which could deform
into ellipsoidal volume during the liquid injection. A 1/4 or 3/8 inch
pipe was placed perpendicular to this crack, which would channel the
injection liquid into the crack while minimizing the pipe inﬂuence on
the prescribed crack plane, as shown in Fig. 4 (a), (b) and (c). In one of
the cross-section of a specimen, as shown in Fig. 4 (d), the circular
plastic sheet was easily removed and a thin circular slit was perpendicularly in contact with the tip of the injection pipe. It was reckoned
that injected liquid could seep/ﬂow into the circular plastic sheet and
create the stress-intensity at the crack-tip during the pressurized injection. Monopropylene glycol was used as the injection (fracturing)
ﬂuid which was liquid at freezing temperatures. The ends of the injection pipe were secured with a tube plug on one side and wrapped in
plastic ﬁlm on the other end to prevent the injection liquid from mixing
with sand during the freezing period. The plastic ﬁlm would puncture at
low injection pressure (< 1 MPa). All of the hydraulic fracturing specimens had porosity of 36–44% and water saturation of 70–84%.
3.2. Test setup
A hydraulic uniaxial load frame (MTS High-Force Servohydraulic
System: Model 311.31) with an environmental chamber was used to
conduct the three-point bend tests on ﬂexural and SENB specimens. The
tests were conducted using three displacement rates: 0.05, 0.1, and
10 mm/min. The temperature in the environmental chamber was controlled by periodically feeding liquid nitrogen, in which the average
temperature during the tests was −19 °C ± 1–2 °C. The ﬂexural beam
and SENB specimens were supported by two rollers at the bottom and
bent by a vertical displacement roller at the center, as shown in Fig. 5
(a) and (b).
For the hydraulic fracturing setup, as shown in Fig. 6, a small volume of frozen sand at the tube plug end was removed. A piston pump
(Eldex Optos) with ﬂow rate of 0.01–10 mL/min and pressure limit up
to 6000 psi (41.37 MPa) was used for the test. A pressure transducer
and data logger were prepared to record the pressure-time data. Recording interval was set at 0.2 s and the pipe connections from the
piston pump to pressure transducer were then connected to the

Fig. 4. (a) Illustration of the penny crack setup in the frozen sand. (b) and (c) show the
placement of embedded crack and the injection pipe perpendicular to it. (d) shows a
cross-section of frozen sand specimen with the circular plastic sheet removed and a slit
perpendicular to the injection pipe.

specimen. The test proceeds immediately by injecting liquid glycol at
the desired ﬂow rate. The majority of the specimens were tested at
10 mL/min, where it was conducted without using an ice box since the
fracturing process took less than 10 s. However, some specimens were
tested down to four orders of magnitude of ﬂow rate diﬀerence (1.0,
0.1, and 0.01 mL/min), in which they were conducted inside an ice box
since the test would take up to 40 min. No external/conﬁning pressure
was applied throughout the whole test.
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Fig. 5. Three-point bend setup for (a) ﬂexural beam and
(b) SENB. (c) Dimensions of the SENB specimens which are
analogous to a notch-free ﬂexural beam.

4. Results

and found to fall between 0.26 and 0.55 MPa√m across the three crackheight ratios and displacement rates, as shown in Fig. 8 (A). The results
from this standard test (TPB on notched beams) are compared to the
values available from the literature on the fracture toughness of frozen
sediments (Konrad and Cummings, 2001; Li and Yang, 2000). It may be
noted that this comparison is made using the closest test conditions
available. Fig. 8 (B) displays the fracture toughness results from: (i)
Konrad and Cummings (2001) for specimens tested at −5 °C and
0.183 mm/min displacement rate (or 0.11–0.14% of specimen length/
min) on frozen crushed stone specimens (d50 = 7 mm and water content of 3–7%) and frozen sand specimens (d50 = 0.55 mm and water
content of 5–16%), (ii) Li and Yang (2000) for specimens tested at
−10 °C and 200 N/s loading rate on frozen soil specimens
(d50 = 0.01 mm and water content of 15–29%), and (iii) this study
tested at −19 °C and 0.1 mm/min displacement rate (or 0.14% of
specimen length/min) for all of the crack-height ratio frozen sand
specimens (d50 = 0.25 mm and water content of 17–22%). The comparable results in this test to the literature veriﬁed the results, which
can be used to validate the hydraulic fracturing work.
Using the apparent fracture toughness and the average ﬂexural
strength, the characteristic length of frozen sand was determined from

4.1. Three-point bend on ﬂexural beam and SENB specimens
In the ﬂexural beam three-point bending, four specimens were
tested at 0.1 mm/min and one specimen at 10 mm/min. The ﬂexural
strength for 0.1 mm/min test rate was averaged at 7.2 MPa (6.3, 7.1,
7.5, and 8.1 MPa), while 10 mm/min test rate produced 6 MPa. The
ﬂexural strength for the high displacement rate (10 mm/min) was
comparable to Nixon and Weber (1991) ﬂexural beam test on alluviumreinforced ice (d50 = 0.5 mm) which falls between 4 and 5 MPa (at
temperature of −20 °C and displacement rate of 50 mm/min). The
elastic modulus, which was calculated from Equation (11) using the
slope of the linear line in load-deﬂection graph (Fig. 7 (a)), was averaged to 830 MPa.
In the SENB three-point bending, three crack-height ratios (a/ W
= 0.3, 0.5 and 0.7) were tested with a minimum of three specimens
done at 0.1 mm/min displacement rate. A typical load-CMOD behavior
is shown in Fig. 7 (b). In all of these tests, the cracks initiated and
propagated from the crack-tip (Fig. 7 (c)).
The apparent fracture toughness was calculated using Equation (12)

Fig. 6. Illustration of the experimental setup in (a). Experiments were conducted without an ice box for high ﬂow rate (10 mL/min) in (b) while low ﬂow rates (1.0, 0.1, and 0.01 mL/min)
tests were conducted inside an ice box in (c).
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Fig. 7. (a) The typical load-vertical displacement for TPB of ﬂexural beam. (b) Typical load-CMOD for TPB of SENB with crack initiated and propagated from the notch-tip in (c).

Fig. 8. (a) The apparent fracture toughness of
frozen sand across the crack-height ratios tested
in SENB test at varying displacement rates. (b)
Comparison between KQ or KIC from the literature
and this study at varying water content for frozen
sediment specimens.

corresponding crack heights were: 2R = 21 : 35 : 49 mm. For the brittleness approach, the adjusted crack-height ratios based on the
equivalent height in Equation (5) (Weq = 38 mm) would be
R/ Weq = 0.28 : 0.46 : 0.64 .
The typical pressure-time records for the hydraulic fracturing is
shown in Fig. 9 for crack-height ratio, R/W = 0.3. The majority of the
tests conducted at the varying ﬂow rates had a linear increase in
pressure. It reached a peak (breakdown) pressure followed by

Equation (7) and found to fall between 1.3 and 5.9 mm which was
approximately 10 times of the nominal sand grain size of 0.1–0.5 mm.
4.2. Hydraulic fracturing specimens
Approximately 55 specimens were tested across a varying ﬂow rates
(0.01, 0.05, 0.1, 0.5, 2, 5 and 10 mL/min) and three crack-height ratios
(0.3, 0.5 and 0.7). With the specimen height, 2W = 70 mm, the
614
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Fig. 9. Typical pressure-time record for hydraulic fracturing of frozen sand for R/W = 0.3,
with ﬂow rates of 10 and 1 mL/min in (a) and 10,
1, 0.1, and 0.01 mL/min in (b).

Fig. 10. (Top row) Short line crack or puncture hole at the
crack plane. (Bottom row) Line crack along the perimeter or
fully cracked at crack plane.

notched) using laboratory size cylindrical acrylic specimens
(101.16 mm in diameter). It was observed that fracture propagation
only occurred for cases with an equivalent crack-length ratio of less
than 0.34. The fracture propagated by a small amount upon reaching a
peak pressure and observed a catastrophic failure beyond this cracklength ratio.
This experiment was carried out further with two specimens using a
crack-height ratio of 0.15 (2R = 10.5 mm) at 0.01 mL/min. The two
tests had resulted a crack insensitive condition, in which the failure
occurred along the injection pipe axis. Since the initial crack size was
only slightly larger than the diameter of the injection pipe (1/4” pipe or
6.4 mm), the injected liquid could have created a bulb stress around the
tip of the injection pipe which may have a lower failure requirement
than the short penny-shaped crack. Likewise, some specimens tested at
low crack-height ratio (R/ W = 0.3) had fractured along the injection
pipe axis as well, as shown in Fig. 11. Results for these tests were not
included but their breakdown pressure was averaged to 16.6 MPa from
the three specimens.
The apparent fracture toughness was calculated using SIF (Equation
(1)) and Volume-SIF (Equation (3)). The SIF approach used the peak
injection pressure and the initial crack length while Volume-SIF approach employed the ﬂow-rate, time, peak pressure and elastic modulus. Other than a few specimens tested at 0.01, 0.05, 0.1, and 0.5 mL/
min with R/W = 0.3 and 0.5, the majority of the tests were conducted

catastrophic failure where fracture was observed on the surface
boundary of the specimen at the crack-plane. Injection liquid would
ﬂow out from the crack and the injection pressure would drop to atmospheric pressure immediately. However, only test at R/W = 0.3 with
the lowest ﬂow rate, 0.01 mL/min, had shown a decreasing pressure
gradient towards the peak pressure. A short propagation pressure was
observed (ﬂattening or decreasing pressure gradient with the continuous injection) before the onset of catastrophic failure. All of the
other tests with crack-height ratio, R/W = 0.5 and 0.7, did not record
any trace of fracture propagation even at the lowest ﬂow rate of
0.01 mL/min. Diﬀerent types of fractures were observed at the
boundary of the specimens, as shown in Fig. 10. These fractures occurred right after attaining the breakdown pressure, in which liquid
would leak oﬀ from it. The cracks on the specimen boundary varied
from a puncture hole, short crack line, or crack along the perimeter of
the crack plane boundary.
The observations in this study were consistent with Bunger and
Jeﬀrey (2004) experimental study on hydraulic fracturing of acrylic
with specimen size of 400 × 400 mm. They observed that fracture
would propagate to the surface boundary in less than 0.1 s at breakdown pressure if there was no ﬂow control valve installed to dissipate
the elastic energy stored in injection ﬂuid. In an another study by
Clifton et al. (1976), it was diﬃcult to observe crack and propagation
pressure in a pressurized wellbore with a short initial crack (pre615
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Fig. 11. Fracture occurred along the axis of the injection pipe instead of the crack plane.

at 10 mL/min with a minimum of four specimens. These results were
averaged with the standard deviation and coeﬃcient of variance (COV),
as shown Table 1. The hydraulic fracturing of frozen sand is abbreviated HFFS.
Fig. 12. Comparison of the apparent fracture toughness for hydraulic fracturing specimens (HFFS) and three-point bend of SENB specimens at varying test rates for R/W = 0.3
in (a) and R/W = 0.5 in (b).

5. Discussion
5.1. Eﬀect of crack-height ratio and ﬂow rate on the apparent fracture
toughness

Besides that, hydraulic fracturing tests were conducted across three
crack-height ratios (0.3, 0.5 and 0.7) and two injection pipe sizes (1/4
and 3/8 inch) at ﬁxed ﬂow rate of 10 mL/min. The comparison of the
apparent fracture toughness for the varying crack-height ratios for
diﬀerent pipe sizes are shown in Fig. 13, noting that the two pipe sizes
results are placed oﬀset from SENB results for ease of comparison. The
KQ determined for HFFS was comparable with SENB for R/W = 0.5 and
0.7, except for R/W = 0.3, in which it had produced higher values. The
Volume-SIF approach had similar trend, which was capable in

The KQ results determined using breakdown (peak) or propagation
pressure were compared to the three-point bend (TPB) of SENB specimens at varying test rates, as shown in Fig. 12. In general, the lowest
ﬂow rate (0.01 mL/min) yielded slightly lower KQ value compared to
the higher ﬂow rates. The results indicated that the lowest ﬂow rate at
R/W = 0.3, and all of the ﬂow rates at R/W = 0.5 were comparable to
the SENB results. The highest ﬂow rate, 10 mL/min, produced a wider
range of KQ that was still acceptable.

Table 1
Apparent fracture toughness determined in hydraulic fracturing of frozen sand (HFFS) and in standard test (SENB).
Test/
Specimen

HFFS

a/W
or R/W

0.3

Test Rate/
Flow Rate

10 mL/min

Pipe Size

1/4″
3/8″

SENB
HFFS

0.5

SENB
HFFS

SENB

0.7

0.1 mm/min
10 mm/min
10 mL/min

–

10 mL/min

3/8″

0.1 mm/min
0.05 mm/min
10 mL/min

–

10 mL/min

3/8″

0.1 mm/min
10 mm/min

–

1/4″

1/4″

Approach

SIF
Volume-SIF
SIF
Volume-SIF
Three-point Bend
SIF
Volume-SIF
SIF
Volume-SIF
Three-point Bend
SIF
Volume-SIF
SIF
Volume-SIF
Three-point Bend
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Apparent Fracture Toughness, KQ (MPa√m)
Mean

Standard Deviation

COV (%)

0.49
0.64
0.65
0.81
0.34
0.43
0.41
0.46
0.41
0.47
0.47
0.33
0.40
0.42
0.61
0.55
0.46
0.50

0.16
0.18
0.16
0.19
0.06
–
0.19
0.15
0.09
0.07
0.04
0.04
0.13
0.10
0.33
0.23
0.08
–

33.7
28.3
25.1
23.9
16.7
–
45.6
33.1
22.4
14.1
9.0
11.2
32.6
24.1
53.6
41.5
17.4
–
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Fig. 13. Comparing the apparent fracture toughness in HFFS using the SIF and VolumeSIF approaches at two diﬀerent injection pipe sizes with SENB results across the three
crack-height ratios. The results for HFFS at R/W = 0.3, 0.5, and 0.7 are placed oﬀset for
the ease of comparison.

estimating the KQ without needing information on the crack radius. The
variation of the injection pipe sizes (1/4″ and 3/8”) did not show huge
discrepancy in the results, other than R/W = 0.3. The results supported
the assumption that liquid was able to inﬁltrate into and pressurize the
embedded plastic sheet, and created a high stress-intensity at the tip of
the penny-shaped crack. For the low crack-height ratio (R/W = 0.3), it
was reckoned that a stress bulb was induced on top of the liquid inﬁltrating the short crack, in which the stress-intensity could not be fully
developed at the tip of the penny-shaped crack.

Fig. 15. Brittleness curves with experimental breakdown pressure for 1/4″ injection pipe
in (a) and 3/8″ injection pipe in (b) overlaid onto the plot in estimating the range of
Weq/ l ch and σt .

For example, a material with lch = 10 mm will have curves closely together for 1 and 10 m size (Weq/ lch of 10000 and 100000, respectively).
However, laboratory specimen size in this study was relatively small
which was reckoned suﬃcient in using the brittleness approach to estimate the K Q , σt , and lch . In general, the brittleness curves indicates a
general decrease in the breakdown pressure when the crack-height ratio
(R/W) increases from 0 to 1, where high pressure is required at very
small crack while very low pressure (close to 0) for cracks that have
lengths close to the length of the specimen.
The brittleness approach requires either σt or lch to form the plot in
Equation (9). The nominal stress in the uncracked ligament is a good
estimate for σt . At high crack-height ratio (R/ Weq = 0.64), the highest
nominal stress generated from the results was 6.8 MPa. The σt should be
close to or higher than 7.0 MPa, gathering from the experimental results
that nominal stress in HFFS and TPB of ﬂexural beam had maximum
stress near to this value. Moreover, the HFFS for the two pipe sizes (1/
4″ and 3/8″) should produce similar range of Weq/ lch since they are the
similar material. Fig. 15 shows the brittleness curves estimated to cover
the experimental result for the breakdown pressure in 1/4” and 3/8”
injection pipe sizes. It was estimated that the tensile strength could be
between 7.5 and 9.5 MPa with the brittleness number of
5 < Weq/ lch < 45. With the equivalent radius, Weq = 38 mm, the corresponding range of characteristic length was 0.8 < lch < 7.6 mm. The
range of apparent fracture toughness estimated from Equation (7) was
0.22 < K Q < 0.65 MPa√m for 1/4 inch pipe size and 0.28 < K Q < 0.83
MPa√m for 3/8 inch pipe size. The lch , σt and K Q estimated using the
brittleness approach were thus comparable to the TPB results.

5.2. The apparent fracture toughness, tensile strength and characteristic
length estimated using the brittleness approach
The two sets of results with diﬀerent pipe sizes (1/4 and 3/8 inch) at
ﬁxed ﬂow rate of 10 mL/min, were utilized to ﬁt the range of Weq/ lch
curves. The brittleness approach in Equations (8) and (9) are analogous,
in which the brittleness curves can be produced by varying the tensile
strength (σt ), brittleness number (β or lch/ Weq ), and crack-height ratio
(α or R/ W ). The curves in the plot exhibit some size eﬀect sensitivity, in
which larger size specimen will produce higher Weq/ lch values that will
have ﬂatter curves across the crack-height ratio, as shown in Fig. 14.

6. Conclusion
The work has set out to determine the apparent fracture toughness
(K Q ) of frozen sand using hydraulic fracturing in a penny-shaped crack.
Three approaches were used in determining K Q : (1) stress-intensity
factor (SIF), (2) Volume-SIF and (3) brittleness approach. In addition to
K Q , the brittleness approach was able to estimate the characteristic

Fig. 14. Example of the breakdown pressure plot in Equation (9) with curves of varying
brittleness, Weq/ l ch , at ﬁxed tensile strength, σt = 10 MPa .
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length (lch ) and tensile strength (σt ) of frozen sand. The SIF approach
utilized the breakdown pressure and the crack radius dimension. On the
other hand, the Volume-SIF only required the hydraulic fracturing
parameters: ﬂow-rate, breakdown pressure, injection time and elastic
modulus. In the brittleness approach, the stress-intensity generated
from the crack assumed a nominal stress in the uncracked ligament. The
results produced from the hydraulic fracturing in a penny-shaped crack
were comparable to the three-point bend test on frozen sand. It validated the three approaches which could be employed on material that
are not easily tested using the standard test, such as methane hydrate in
sand.
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