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Summary
Full waveform inversion (FWI) has the great potential to
retrieve high fidelity subsurface models, with the constraint
that the traveltime difference between the predicted data
and the observed data should be less than half of the period
at the lowest available frequency. If the previous constraint
is not satisfied, FWI will suffer from severe convergence
problem and may get stuck in erroneous local minimum. To
mitigate the dependence of FWI on the quality of starting
model, we apply the robust gradient sampling algorithm
(GSA) on non-smooth, non-convex optimization problems
to FWI. The original implementation of GSA requires
explicit calculation of the gradient at each sampling point.
When combined with FWI, this procedure involves
tremendous computational costs for calculating the forward
and backward propagated wavefields at each perturbed
velocity model within the vicinity of the current model
estimate. Through numerical analyses, we find that the
gradients corresponding to slightly perturbed velocity
models can be approximated by space-shifting the gradient
obtained from current velocity model. The computational
cost is thus the same as conventional FWI. Numerical
examples based on the 2004 BP model demonstrate that the
proposed method can provide much better results than the
conventional FWI when starting from a very crude initial
velocity model.
Introduction
FWI has been shown to be a promising tool to achieve high
resolution models of the subsurface by utilizing the full
information contents of the observed seismic data (Plessix
and Perkins, 2010; Sirgue et al., 2010; Warner et al., 2013).
However, the success of FWI highly depends on the
accuracy of the starting velocity model and the availability
of the low frequency information in the seismic data. If the
traveltime difference between the modeled data and the
observed data is not within half of the period at the lowest
available frequency, the so-called cycle-skipping problem
appears and FWI will get stuck in uninformative model
estimates (Virieux and Operto, 2009). In other words, FWI
is a highly nonlinear and non-convex problem.
For the conventional FWI, the gradient of the objective
function with respect to the model parameters are
calculated by cross-correlating the forward propagated
source-side wavefield with the backward propagated

receiver-side wavefield at zero temporal and spatial lag
before stacked over all sources and receivers (Tarantola,
1984). The computational cost would be at least by solving
the wave equation 2 N s times, with N s the number of total
sources. When the starting velocity model is not kinematically accurate, the forward and backward propagated wavefield will not coincide with each other at the same time and
the same location, resulting mispositioned reflectors with
distorted amplitudes and wrong updates in the background
model.
The gradient sampling algorithm (GSA) has been shown
very robust in solving non-smooth, non-convex problems
(Burke et al., 2005; Curtis and Que, 2013). Instead of
working with a single model perturbation, GSA extends the
search space by working with local neighborhoods through
random sampling. However, the original implementation is
computationally expensive, as it needs to calculate N+1
sampled gradients for a model size of N in number of grid
points, which is impractical if directly working with FWI
by solving the wave equation 2 N s ( N + 1) times.
Louboutin and Herrmann (2017) incorporate the GSA into
FWI with randomized implicit time shifts without incurring
massive computational costs. The basic argument is that the
effects of slightly perturbed velocity models within the
vicinity of the current velocity model can be approximated
by time shifts. Although numerical examples demonstrated
that their method is less sensitive to the accuracy of the
starting velocity model, no theoretical or numerical proofs
are provided to support the previous stated argument.
In this study, we revisit the concept of GSA in the context
of FWI. Numerical analyses demonstrate that the gradients
related to the perturbed velocity models can be obtained
through space-shifting the gradient calculated using the
reference velocity model. Mathematically speaking, when
adapting FWI in the framework of GSA, we can efficiently
compute the sampled gradients by cross-correlating the
space-shifted forward and backward propagated wavefileds
calculated from the current model estimate. This approach
maintains the advantages of GSA on solving non-smooth,
non-convex problems, while the computational cost is
dramatically reduced as compared to the original formulation of GSA. Nonetheless, the computational cost is still
more expensive than that of the conventional FWI, since
integration over space shifts within the properly selected
ranges should must be performed at every time step. To
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further alleviate the computational cost to the same order as
that of conventional FWI, we propose to randomly choose
only one space shift at each time step.

function in Equation (1), such that the iterative gradientbased method in Equation (3) can converge to the right
solution.

The rest of this paper is organized as follows. In the
methodology section, we give a brief review of the
conventional FWI. Then we introduce GSA and describe
how to approximately calculate the sampling gradients in
high-efficiency using random space shifts. In the numerical
examples, we demonstrate the effectiveness of our method
based on the BP 2004 model. Finally, we give a short
summary in the conclusion section. Hereafter, we
abbreviate the proposed method as random space-shifted
FWI (RSS-FWI).

Instead, GSA aims to minimize the misfit function in
Equation (1) near the neighborhood of the current model
estimate:
2
1
E ( m )mÎ[m -d , m +d ] = u ( xs , xr , t ; m ) - d ( xs , xr , t ) , (6)
2
2
where m is the perturbed velocity model within the
vicinity of current model estimate m , d is the radius of the
sampling
ball.
By
choosing
samples
N +1
M k = {mk 0 ,! , mkN } , and calculating the corresponding
gradients Gk = { gk 0 ,! , gkN } , GSA obtains the final search
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N

FWI aims to minimize the difference between the modeled
data and the recorded data in a least-squares sense:
2
1
(1)
E ( m ) = u ( xs , xr , t ; m ) - d ( x s , xr , t ) ,
2
2
in which m is the model parameter (i.e. slowness), xs is
the source location, and xr is the receiver location.
u ( xs , xr , t ; m ) is obtained by sampling the wavefield at the

receiver location using a sampling operator. u ( x , t ; m ) is
the solution of the 2D isotropic acoustic wave equation in
heterogeneous media with constant density assumption:
¶ 2u ( x , t )
m2 ( x)
- Ñ 2u ( x , t ) = d ( x - x s ) f s ( t ) , (2)
¶t 2
with f s ( t ) as the source wavelet at the source location xs ,
and Ñ 2 = ¶ ¶x 2 + ¶ ¶z 2 the Laplacian operator.
Starting from an initial model m0 , the gradient-based
iterative scheme can be used to update the model through:
(3)
m k +1 = m k - l g ( x ) ,
where mk is the model at the k th iteration, l is the step
length, and g ( x ) is the gradient, which is calculated as:
g ( x ) = 2m ( x ) ò dxs dxr dtdt

¶2
f s (t ) G ( xs , x ,t ) G ( x , xr , t - t ) d d ( x s , xr , t )
¶t 2

For convenience, we denote

¶2
f s (t ) G ( xs , x ,t ) as
¶t 2

. (4)

the source-

side wavefield U ( x, t; m ) , and G ( x, xr , t - t ) d d ( xs , xr , t ) as
the receiver-side wavefield V ( x , t ; m ) . Thus, Equation (4)
can be expressed as:
g ( x ) = 2m ( x ) ò U ( x , t ; m ) V ( x , t ; m ) .

(5)

As FWI is a highly nonlinear and non-convex problem, we
need to start very close to the global minimizer of misfit

direction by summing Gk with coefficients a i > 0, å a i = 1 ,
i =0

N

gk = å a i gki .

(7)

i =0

If adapting FWI in the framework of GSA with its original
formulation, we need to calculate the sampled gradients by
solving the wave equation 2 N s ( N + 1) times, which is
impractical for typical-sized FWI problems.
To analyze the relationship between the sampled gradients
and the gradient calculated on current model estimate, we
design the following numerical examples. The velocity
model is defined by:
if iz < 10
ì1500,
,
(8)
v ( iz ) = í
2000.0
+
b
*
iz
,
elsewhere
î
where b is the vertical constant gradient, and iz is the grid
index in vertical direction. The gradient b is adjusted by
setting the maximum velocity as 5000m/s, 3400m/s,
4600m/s for the true velocity model, the initial velocity
model, and the perturbed velocity model, respectively. The
model dimensions are of 401 ´ 201, with 10 m grid
intervals. The source is located at (950m, 0m), and there
are 257 receivers evenly distributed on the surface at 10 m
receiver spacing. The source time function is a Ricker
wavelet with a peak frequency of 10 Hz. The recording
time is 3.0 s, with a time interval of 1 ms.
Figure 1 shows the snapshots at 0.5 s for both the forward
and backward propagated wavefields. The space shifting
between the wavefield corresponding to the perturbed
velocity model and the wavefield calculated based on the
initial velocity model is obvious, but it is difficult to define
in which direction we should shift the wavefield to get the
approximated gradients. So, it is unsuitable to design a
general formula to express the relationship between the
perturbed wavefield and the reference wavefield. In other
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words, for a slightly perturbed velocity model m nearby
m , we cannot simply write:
U ( x , t ; m ) » U ( x - h, t ; m ) ; V ( x , t ; m ) » V ( x - h, t ; m ) . (9)

space shift to hz max = vmean 4 f 0 , where f 0 is the central
frequency within the selected inversion frequency band,
vmean is the mean velocity of the current model estimate.
From the wave propagation point of view, we are assuming
the calculated gradient could come from anywhere in the
first Fresnel Zone.
It is worth to note that the integration over h on the right
side of Equation (11) calls for a full-matrix multiplication
in a finite-difference discretization at each time step
(Mulder, 2014). The cost can easily overwhelm that of
ordinary time-stepping. In 2D, this additional integral in
dimension of h increases the computational cost by a
factor of N h = hmax dh , where N h is the total number of

Figure 1: Snapshots at 0.5 s of the forward (left column) and the
backward (right column) propagated wavefields calculated with
the initial velocity model (a, b) and the perturbed velocity model (c,
d).

Figure 2 shows the corresponding gradients calculated
using the initial and the perturbed velocity models,
respectively. It is apparent for a slightly perturbed velocity
model m nearby m , the gradient g ( x; m ) can be approximated by space-shifting the gradient g ( x; m ) :
g ( x; m ) » g ( x - h; m )
= 2m ( x ) ò U ( x - h, t ; m )V ( x - h, t ; m ) dt

.

(10)

Figure 2: The gradient calculated at 0.5 s by cross-correlating the
forward and backward propagated wavefields in Figure 1 of the
initial velocity model (a) and the perturbed velocity model (b).

The final search direction related to GSA as in Equation (7)
can thus be computed as:
g ( x ) = 2m ( x ) å a ( h ) ò U ( x - h, t ; m )V ( x - h, t ; m ) . (11)
In Equation (11), h denotes horizontal or vertical shifts.
For the current implementation, we set the maximum
horizontal space shift to hx max = vmean 2 f 0 , and the vertical

grid points in h , dh is the grid interval in h . To alleviate
this computational overburden, we propose to randomly
choose only one h within the limit of hmax at each time
step:
(12)
g ( x ) = 2m ( x ) ò U ( x - ht , t ; m )V ( x - ht , t ; m ) .
In this way, we do not need to choose coefficients a ( h )
explicitly because a ( ht ) = 1 for each time step.
Examples
We apply our method to the 2004 BP model (Billette and
Brandsberg-Dahl, 2005) (Figure 3a). It has a complex
rugose salt body, and sub-salt slow velocity anomalies. The
model dimensions are of 257 ´ 192, with 25 m grid
intervals. There are 64 shots evenly spaced at 100 m shot
intervals, and each shot is recorded with 257 receivers
evenly distributed at 25 m receiver spacing. The sources
and receivers are on the surface, with the first source and
receiver located at distances of 50 and 0 m, respectively.
The source time function is a Ricker wavelet with a peak
frequency of 10 Hz. The recording time is 8.0 s, with a time
interval of 2 ms. A two-layer model, which consists of the
sea water (1486 m/s) and the ground (4100 m/s), as shown
in Figure 3b, is used as the starting velocity model.
To give a fair comparison, we first implement the conventional FWI and the RSS-FWI at the lowest frequency band
[2Hz, 5Hz] using a nonlinear conjugate gradient method
with 200 iterations. No preconditioning is applied in neither
method. Then, the conventional FWI is performed using the
previous inversion results as the starting models. The multiscale strategy of Bunks (1995) from low to high
frequencies is employed. The frequency bands are [2Hz,
5Hz], [2Hz, 7Hz], [2Hz, 11Hz], [2Hz, 15Hz], and [2Hz,
19Hz]. A Butterworth filter is used to obtain the
corresponding frequency contents. In each frequency band,
the non-preconditioned nonlinear conjugate gradient
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method is performed with 200 iterations for model
reconstruction.

hard to be identified. However, in the reconstructed
velocity model (Figure 6b) using the RSS-FWI result as the
starting model, the boundaries of the rugose salt body can
be clearly recognized. The subsalt slow velocity anomalies
are well resolved.

Figure 3: The 2004 BP model for FWI: (a) the true velocity model,
(b) the starting velocity model.

Figure 4 shows the results at the lowest frequency band
[2Hz, 5Hz] from the conventional FWI and the RSS-FWI,
respectively. For the conventional FWI, the model updates
are mainly focused on the shallow parts, as displayed in
Figure 4a. In contrast, the deeper parts are reasonably
updated after RSS-FWI, as shown in Figure 4b. The model
reconstruction is much smoother from RSS-FWI than that
of conventional FWI. Figure 5 depicts the relative data
misfit and model misfit as functions of iteration number.
The data convergence rates are almost the same for the
conventional FWI and the RSS-FWI. However, the model
misfit of the RSS-FWI converges faster than that of the
conventional FWI.

Figure 6: The inversion results of the conventional FWI using the
multi-scale strategy using the results shown in Figure 4 as the
starting models.

Conclusions
To reduce the reliance of FWI on the quality of starting
models, we have applied the robust GSA to FWI.
Numerical analyses indicate that the sampled gradients
within the vicinity of the current model estimate can be
approximated by space-shifting the gradient calculated on
the current model estimate, which can be feasibly obtained
by cross-correlating the forward and backward propagated
wavefields with random space shifts, at the computational
cost the same as conventional FWI. By searching within the
first Fresnel Zone associated with the current model
estimate, we get the chance to find proper descent
direction. Numerical examples based on the 2004 BP
model indicate that our method is less sensitive to cycleskipping problems.
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