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SUMMARY

Elastic wave propagation is highly complex when P- and S-

waves scatter away and convert to each other at the discon-

tinuities in the medium. Conventional elastic wave simula-

tion methods often model particle displacement/velocity fields

due to both P- and S-wave propagation, and require exces-

sive computation costs. We present two separated, yet cou-

pled second-order wave equations for P- and S-wave propa-

gations, from which the wave-medium interactions can be in-

terpreted directly. Governing relations between each medium

parameter (Vp, Vs, and r) and the body wave propagation pro-

vide important insights for the modeling and inversion. To re-

duce the computational cost for elastic wave simulation, which

is imbedded in each elastic waveform inversion iteration, we

present an approximation to the full elastic wave equations

based on a set of coupled scalar wave equations. Through

numerical simulations, we show that although these approxi-

mated solutions sacrifice their accuracy of the modeled ampli-

tudes, they accurately capture the kinematics of the full elastic

solution for both P- and S-waves. We suggest these modified

wave equations be used for elastic reverse time migration, mi-

gration velocity analysis, and amplitude-insensitive full wave-

form inversion to save the computational cost and to avoid the

undesired crosstalk artifacts.

INTRODUCTION

Elastic wave propagation is highly complex in the crust and

upper mantle because of the heterogeneities in their velocities

and density (Vp, Vs, and r). Conventional ray-based meth-

ods tend to separate the background wave propagation (e.g.

Eikonal solutions by Gray and May (1994)) from the wave

scattering at the medium interfaces (e.g. Zoeppritz solutions

by Shuey (1985)). When full wave information is needed,

complete sets of elastic wave equations are solved based on

numerous numerical implementation schemes (Virieux, 1986).

However, these schemes solving for particle displacements or

velocities cannot provide the straightforward physical interpre-

tations that have been developed based on the separated solu-

tions. Moreover, excessive computational cost is introduced

when full elastic wave equations are solved potentially within

each iteration of the elastic full waveform inversion (EFWI),

making the EFWI unpractical for 3D large-scale field applica-

tions.

Li et al. (2018) separate the governing equations for P- and S-

wave propagation in an isotropic medium with heterogeneous

Lamé parameters but homogeneous density. The resulting set

of two coupled second-order equations for P- and S-potentials

clearly describes the P- and S-wave propagations and their

interactions at the complex medium boundaries. When im-

plementing elastic reverse time migration (RTM), they show

that scalar wave equations can be used to back propagate the

recorded P-potential, as well as individual components in the

vector field of the S-potential. Compared with conventional

elastic RTM, the proposed elastic RTM implementation using

acoustic propagators not only simplifies the imaging condition,

it but also reduces the computational cost and the artifacts in

the images.

This study extends our previous study to any arbitrarily hetero-

geneous media where all elastic parameters Vp, Vs and density

may be heterogeneous. The resulting equations provide im-

portant insights for the inverse problem when all medium pa-

rameters are estimated from the recorded data. To reduce the

cost of elastic simulation, we present a set of modified scalar

wave equations which accurately preserves the kinematics of

the P- and S-waves at the expense of inaccuracies in the mod-

eled amplitudes.

SEPARATED ELASTIC WAVE EQUATIONS FOR P- AND

S-WAVES

Taking divergence of the second-order elastic wave equation

for particle displacements u (Aki and Richards, 1980) on both

sides and using the definition of P = — ·u, S = —⇥u, a =V 2
p ,

and b =V 2
s , we obtain the equation for P-potential
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Taking the curl of the second-order elastic wave equation on

both sides, we obtain the equation for S-potential
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In the derivation, we define a ? product of two matrices as

follows:

A?B =

������

i j k
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where A1n represents the first row of matrix A. This symbolic

determinant operation involves row vector dot products with

Einstein summation convention, resulting in a 1⇥3 vector.

Although Eq 1 and 2 are fairly complex and a direct discretiza-

tion of these equations for elastic wave modeling may not be

preferable due to the complex derivatives that these equations

require, the following important physics can be clearly ob-

served from the equations:

• In Eq 1, five physical phenomena contribute to P-wave prop-

agation besides the divergent component of the source:

– P-P scattering at Vp discontinuities

– P-P scattering at Vs discontinuities

– P-P scattering at r discontinuities

– S-P conversion at Vs discontinuities

– S-P conversion at r discontinuities

• In Eq 2, four physical phenomena contribute to S-wave prop-

agation besides the curl component of the source:

– S-S scattering at Vs discontinuities

– S-S scattering at r discontinuities

– P-S conversion at Vs discontinuities

– P-S conversion at r discontinuities

• Notes on parameter sensitivity

– Mode conversion only happens at S-wave velocity (Vs)

and density r discontinuities. If —b = 0 and —r = 0, P-

and S-wave are fully decoupled.

– Discontinuities (and needless to say the background com-

ponent) in P-wave velocity (Vp) are transparent to shear

waves if they are not collocated with S-wave velocity or

density r discontinuities.

– P-wave is only affected by Vs discontinuities, and is there-

fore insensitive to the background (low wavenumber) com-

ponent of the S-wave velocity.

– Due to the lack of sensitivity, it is (almost) impossible to

resolve the background density of the medium with the

velocity-density parameterization.

These observations from the separated wave equations provide

important insights for velocity model building and elastic full

waveform inversion that have been observed from numerical

experiments (Wang et al., 2018). They suggest a full separa-

tion of P- and S-mode not only in the data domain, but also

in the wavefields, in order to better utilize the sensitivities and

to avoid the crosstalks of each medium parameter to different

wave modes.

SIMULATING KINEMATICS OF ELASTIC WAVES US-

ING COUPLED SCALAR WAVE EQUATIONS

Ignoring all 2
nd

and higher-order derivatives in a , b , and r ,

we obtain the approximations of the P-potential
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and the S-potential
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These two equations are equivalent to the ones presented in

frequency domain by Landers and Claerbout (1972). Com-

pared with the equations we presented previously (Li et al.,

2018), the P-potential equation misses an important kinematic

term caused by P-wave scattering off Vs discontinuities. This

discrepancy shows that ignoring higher-order derivatives in the

wave equation may lead to significant kinematic errors that af-

fect the understanding of the fundamental wave physics.

To fully capture the the kinematic factors and maintain a low

computational cost, we propose to modify our wave equations

to the following forms considering an explosive source:
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Compared to Equation 4, the P-wave scalar equation adds back

the Vs term in the form of —P ·—b instead of P—2b , in order

to preserve the kinematics without honoring the dynamic in-

formation.

We simulate the wavefields on a homogeneous elastic model

with three planer reflectors in Figure 1, the shallow one with

Vp perturbation, the middle one with r perturbation, and the

deep one with Vs perturbation. Figure 2 compares the P-wave

records simulated using the elastic wave equations in (a) and

using the approximation in Eq 6 in (b). Direct arrivals from

the source are removed in both records. Kinematic informa-

tion of all three reflections can be accurately approximated us-

ing the modified scalar wave equation. However, the angle-

dependent amplitude effect of the PP reflection from the Vs
perturbation have not been accurately modeled. The differ-

ences in the reflection amplitudes show that the dropped cross-

derivative terms have negative contributions to the amplitudes
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from the Vs discontinuities, which at zero incidence completely

cancel the contribution from the 2P—2b term.

Figures 3a and 3b compares the S-wave records simulated us-

ing the elastic wave equations in (a) and using their acoustic

approximations in Eq 7 in (b). Since an explosive source is

used, all the S-wave events in these records are converted at the

density contrast and the Vs contrast from the incident P-wave.

Using the scalar wave equation approximation, the kinemat-

ics of the converted waves are modeled correctly. However,

the amplitudes of the converted S-wave events are incorrect.

Specifically, the amplitude of the first converted S-wave event

from the density contrast has an opposite sign from the full

elastic solutions. The differences in the reflection amplitudes

show that the dropped high-order-derivative terms have posi-

tive contributions to the amplitudes from the r discontinuities,

which are evidently larger than the contributions of the first-

order-derivative term.

To correct the polarity of the converted S-wave event, we mod-

ify Equation 7 by flipping the sign of the density contribution

and implement the following scalar wave equations for each

component of the S-wave potential:

S̈�b—2
S = 2—b ⇥—P� (a �2b )—P⇥ —r

r
. (8)

The resulting simulation result is shown in Figure 3c. This

modeling exercise suggests that these modified scalar wave

equations can be used to approximate the kinematics of the

elastic waves without adding much to the computational cost.

Figure 1: Simple elastic model with planer scatters in different

medium parameters.

ELASTIC WAVE IMAGING USING SCALAR WAVE EQUA-

TIONS

Imaging conditions for elastic reverse time migration are de-

rived as the first gradients of the waveform fitting objective

functions. We define the following objective function to match

the modeled P-wave data with the recorded P-wave data:

Jp(a,b ) = 1

2
||dp �dp0

||2
2
. (9)

(a) (b)

Figure 2: Comparison between the P-wave record modeled by

full elastic wave equation in (a) and its approximation using

equation 6 in (b). Kinematics of all three P-wave reflections

are accurately approximated using the modified scalar wave

equation. The differences in the reflection amplitudes show

that the dropped cross-derivative terms have negative contri-

butions to the amplitudes from the Vs discontinuities.

(a) (b)

(c)

Figure 3: Comparison between the S-wave record modeled

by elastic wave equation in (a), its approximation using the

scalar wave equation 7 in (b), and the approximation using the

modified scalar wave equation 8 in (c). Kinematic informa-

tion of both converted S-wave reflections are accurately mod-

eled. The differences in the reflection amplitudes show that

the dropped high-order-derivative terms have positive contri-

butions to the amplitudes from the r discontinuities, which

are evidently larger than the contributions of the first-order-

derivative term.
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Figure 4: (a) and (b) are the PP reflection image and PS converted image using acoustic propagators, respectively. (c) and (d) are

the PP reflection image and PS converted image using elastic propagators, respectively.

Ignoring all high-order perturbations, the gradient of the above

objective function with respect to the P-wave velocity is
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which is commonly referred as PP reflection image in the first

iteration.

We define another objective function to match the modeled S-

wave data with the recorded S-wave data:

Js(a,b ) = 1

2
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, (11)

and the gradient of the objective function with respect to the

S-wave velocity is
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which is commonly referred as PS converted image in the first

iteration. Notice that in Equation 10 and 12, all wavefield

propagations are performed with the background velocities,

which are usually smooth. Therefore, the scalar wave equa-

tions can be used to model the forward and backward propa-

gated wavefields.

Figure 4 compares the PP and PS images obtained using acous-

tic propagators (top row) with the cor- responding images us-

ing elastic propagators (bottom row). Both PP and PS images

generated using acoustic propagator are very similar to those

generated using elastic propagator, while at a much lower com-

putational cost. The converted PS images appear to be noisier

than the PP images, mainly due to the more severe source alias-

ing with respect to the shorter wavelengths of the S-waves.

Both converted PS images show higher resolution structures

with coherent events free of the polarity reversal effects.

CONCLUSIONS

We present a new set of coupled second-order elastic wave

equations to describe P- and S-wave propagation in hetero-

geneous elastic media. The new equations lead to physically

meaningful interpretation of the wave-medium interaction. Nu-

merical simulations show that the kinematic information of the

PP and PS waves can be accurately approximated based on

modified scalar wave equations. We suggest these modified

wave equations be used for elastic reverse time migration and

migration velocity analysis to save the computational cost and

to avoid the undesired crosstalk artifacts.
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