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SUMMARY
If errors are present in the migration velocity model, the
inversion images from least-squares reverse time migration
(LSRTM) may be defocused, and the modeled data may not
match the observed data. Explicit model extension plus subsequent model reduction helps to preserve the data information and to provide a final image with more continuous subsurface structures, at the expense of increased computational costs
and enlarged memory requirements. In order to obtain an inversion image with better quality than conventional LSRTM,
while maintaining the same computational costs and memory
requirements, we propose to introduce random space shifts in
the LSRTM procedure. The key point is to perform implicit
model extension and reduction within each iteration of the inversion procedure. To mitigate the random noise during the
random sampling process, we formulate the inverse problem
based on the cross-correlation objective function. Numerical
examples on a simple layered model and the Marmousi model
demonstrate the effectiveness of our method.

INTRODUCTION
Least-squares reverse time migration (LSRTM) has been considered as a seismic imaging technology for complicated subsurface structures to provide superior results than reverse time
migration (Zhang et al., 2015; Yang et al., 2016; Lu et al.,
2018), with the prerequisite that an accurate migration velocity model is readily available. However, velocity errors are
inevitable in field data applications, because of the noise in
the observed data and the approximations we have made in the
physics in processing the data (Jones et al., 2017). Thus, it is
necessary to adress the residual velocity errors when applying
LSRTM.

Yang et al. (2018) introduce the concept of Fresnel Zone into
subsurface-offset extended LSRTM, and demonstrate that by
stacking the extended images along the subsurface offset axis
within the constraint of half-wavelength, the final image is
more continuous with less migration artifacts than conventional
LSRTM image. The tolerance to the bulk velocity errors are up
to 10%. The main obstacle for this approach is the tremendous
computational costs, especially in 3D case.
LSRTM with time-lag extension can also preserve the data information, with less expensive computational costs than subsurface offset extended LSRTM (Wang and Xu, 2017). Inspired by Xu et al. (2014), Wang and Xu (2017) propose to
stack the time-shift gathers of LSRTM after a second pass
of zero-offset-like depth migration. This approach can offer
an migration image with better continuity than conventional
LSRTM. However, it is still sensitive to the accuracy of the
migration velocity model (Xu et al., 2014).
The work above follow the route of explicit model extension
during inversion (to accommodate velocity errors) and model
reduction (to generate geologic meaningful images). The price
to pay is the larger memory requirements and the more expensive computational costs. To lower this price, we propose to
introduce random sampling procedure into extended LSRTM,
where implicit model extension and reduction are performed
within each iteration of the least-squares inversion. In particular, we work with the subsurface offset extension (Yang et al.,
2018). At each time step, a random space shift is applied to the
wavefields, both during the imaging step and the forward Born
modeling step. To mitigate the random noise effects due to the
random sampling process at each time step, we formulate the
inverse problem based on the cross-correlation objective function (Zhang et al., 2015; Liu et al., 2017).

METHODOLOGY
Dai and Schuster (2013) implement LSRTM in the prestack
shot domain, where the migration image of each shot is individually updated before final stacking. Liu et al. (2017) explore the same idea with a correlative misfit function. The
authors report that their methods are better than conventional
LSRTM when bulk errors of the migration velocity are up to
5%. However, these prestack LSRTM algorithms are only accurate for mild lateral heterogeneity (Huang et al., 2016).
It has been widely reported that LSRTM with subsurface offset extension is suiltable for highly complicated velocity structures, with the potential to fit the observed data even when significant errors are remained in the migration velocity model
(Symes, 2008; Liu et al., 2013; Hou and Symes, 2016; Li and
Demanet, 2017). However, it is unclear how to utilize the nonphysical extended image volumes for geologic interpretation.

The extended imaging condition can be formulated as:
Z
mmig (x, h) =

∂2
fs (τ)G(x − h, xs , τ)
∂t 2
G(x + h, xr ,t − τ)d(xs , xr ,t),

dxs dxr dtdτ

(1)

where G(x, xs ,t) and G(x, xr ,t) are the Green’s functions at the
source location xs and the receiver location xr , respectively.
fs (t) denotes the source wavelet function at the source location, h stands for the half offset between the sunken source
and sunken receiver (Claerbout, 1985).

RSS-LSRTM
The extended forward Born modeling is expressed as:
Z
d(xs , xr ,t) =

dhdxdτ

∂2
fs (τ)G(x − h, xs , τ)
∂t 2
G(x + h, xr ,t − τ)mmig (x, h).

Liu et al. (2017). Hereafter, We call the proposed method as
the random-space-shift RTM (RSS-RTM) and LSRTM (RSSLSRTM).
(2)
NUMERICAL EXAMPLES

The extended LSRTM are commonly expressed as minimizing
the difference between the modeled data u and the observed
data u in a least-squares sense:
Z
1
min f (m(x, h)) =
dxs dxr dt k u − d k2 .
(3)
2
m(x,h)
Conventional RTM and LSRTM are the special cases of equations 1- 3 when the subsurface offsets h are only strict to h = 0.
In the case when errors are present in the migration velocity
model, the energies in the subsurface offset common image
gathers are not focused at h = 0, and the non-physical extended
image volume cannot be directly utilized for subsurface geologic interpretation.
Yang et al. (2018) have demonstrated that, by stacking the extended migration images along the subsurface axis within the
half-wavelength, a subsurface image with better focusing and
continuity can be generated. However, the computational costs
are prohibitively expensive, especially in 3D.
Since the purpose is to generate a stacked image, we propose
to randomly choose only one spatial shift at each time step,
and the resulting imaging condition is expressed as:
∂2
fs (τ)G(x − hτ , xs , τ)
∂t 2
G(x + hτ , xr ,t − τ)d(xs , xr ,t),

Z
mmig (x) =

dxs dxr dtdτ

(4)

where ht is the random spatial shift at each time step. The
maximum spatial shift is constrained by the half-wavelength,
defined as λ = v/ f0 , with v as the local velocity and f0 as the
dominant frequency of the source wavelet.
Correspondingly, the forward Born modeling with random space
shift can be expressed as:
Z
d(xs , xr ,t) =

dxdτ

∂2
fs (τ)G(x − hτ , xs , τ)
∂t 2
G(x + hτ , xr ,t − τ)mmig (x).

(5)

In this step, the spatial shift should be as large as possible in
order to capture the data information. In the numerical examples, the maximum spatial shift is set to eight wavelength.
The random sampling process at each time step results in random noise in the migration image and the forward Born modeled data. To mitigate this effect, we propose to formulate the
inverse problem based on the correlation objective function:
P P
Z
x
t u·d
. (6)
min f (m(x)) = − dxs qP P r qP P
m(x)
2
2
xr
tu
xr
td
We should note that equation 6 is defined based on shot normalization, which is differenct from the trace-normalizationbased correlation objective function in Zhang et al. (2015) and

To demonstrate the effectiveness of our method, we perform
tests on a 2D layered model (Figure 1a). It contains three horizontal reflectors, with the velocity of 3300 m/s. The homogeneous background velocity is 3000 m/s. There are three slow
Gaussian anomalies embedded on top of the horizontal reflectors.
Figure 1b shows the observed data located at (2000 m, 0 m),
with the direct arrival muted. The reflections become complicated due to the slow Gaussian anomalies. An inaccurate
homogeneous velocity model of 2700 m/s is used as the migration velocity model.
Figures 2a and 2b show the conventional RTM and LSRTM
images, respectively. In the RTM image (Figure 2a), high amplitude low wavenumber artifacts (marked by red ovals) appear
at the shallow parts of the migration profile. The horizontal reflectors are pulled up due to the slower migration velocity, with
the parts beneath the Gaussian anomalies curved down, and the
parts in between the Gaussian anomalies distorted, as highlighted by the red boxes. After LSRTM (Figure 2b), the high
amplitude low wavenumber artifacts are partially attenuated.
The overall amplitude becomes more balanced. Nevertheless,
the LSRTM image is still defocused.
The ERTM and LSERTM are implemented with the subsurface
offset range as [-300 m, 300 m], and the subsurface offset interval as 10 m. Figures 2c and 2d show the stacked ERTM and
LSERTM images, respectively. In the stacked ERTM image
(Figure 2c), the high amplitude low wavenumber artifacts are
effectively attenuated, and the refletors marked by red boxes
are flat as expected. The spatial resolution on the stacked
LSERTM image(Figure 2d) becomes much higher.
Figures 2e and 2f show the images from RSS-RTM and RSSLSRTM, respectively. Since we randomly choose one spatial
shift at each time step, random noises appear in the RSS-RTM
image (Figure 2e). After RSS-LSRTM, the random noises
are effectively reduced (Figure 2f ). The geologic structures
are similarly resolved as in the stacked LSERTM image (Figure 2d), although the spatial resolution is not as good as in the
stacked LSERTM image. These results suggest that the RSSLSRTM is an efficient alternative to the stacked LSERTM,
with the advantage that the computational cost is the same as
the conventional LSRTM.
We apply our method to the Marmousi model (Figure 3a). The
migration velocity model, as shown in Figure 3b, is built by
smoothing the true velocity model (Figure 3a) with a 2D Gaussian function whose vertical and horizontal correlation lengths
are 400 m, and scaling by a factor of 0.9.
Figures 4a and 4b show the conventional RTM and LSRTM
images, respectively. In the RTM image (Figure 4a), low wave

RSS-LSRTM
number artifacts (marked by red ovals) are present in the profile, making the deep structures less visible than the shallow
parts. The blue arrow denotes the unwanted scattering artifacts. LSRTM (Figure 4b) has made the amplitude information
more balanced from shallow to deep parts. However, it is still
very difficult to identify useful geologic structures.
The subsurface offset ranges for ERTM and LSERTM are [400 m, 400 m], with an offset interval of 10 m. The stacked
ERTM and LSERTM images are shown in Figures 4c and 4d,
respectively. The stacked ERTM image is free from the low
wavenumber noise, but there are still some high wavenumber
artifacts, especially at the very shallow parts. The caprocks
in the deep parts (marked by the blue box) are visible. After
LSERTM, the migration artifacts are further reduced.
The RSS-RTM and RSS-LSRTM images are shown in Figures 4e and 4f, respectively. Random noises appear in the
RSS-RTM image (Figure 4e). Nevertheless, the image quality
is better than the conventioanl RTM image (Figure 4a). After RSS-LSRTM, the random noises are effectively attenuated.
The caprocks in the deep parts (marked by the blue box) can
be more clearly identified than in the RSS-RTM image (Figure
4e). Compared with the stacked LSERTM image (Figure 4d),
although the wavenumber spectra in the RSS-LSRTM image
(Figure 4f) are not as broad, the geologic structures are similarly resolved.
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Figure 1: The layered model example: (a) The true velocity
model, and (b) the corresponding shot gather located at (2000
m, 0 m).
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CONCLUSIONS
We have proposed an LSRTM scheme with random space shifts.
This scheme can provide a subsurface image with better continuity and less migration artifacts than conventional LSRTM,
while maintaining the same computational costs and memory requirements. The spirit is to implicitly extend the model
space, so that it can handle velocity errors like in the extended
LSRTM. Another important ingredient of this method is to formulate the inverse problem based on the correlation objective
function, which is less sensitive to the random noise. Numerical examples have demonstrated that even when the bulk velocity errors are up to 10%, we can still obtain reasonable results for subsurface geologic interpretation.
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Figure 2: The migration images from (a) RTM, (b) LSRTM,
(c) stacked ERTM, (d) stacked LSERTM, (e) RSS-RTM, and
(f) RSS-LSRTM. The continuity of the horizontal reflectors is
much better in images from stacked ERTM, stacked LSERTM,
RSS-RTM and RSS-LSRTM than those in the images from
conventional RTM and LSRTM, especially at the parts highlighted by the red boxes.
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Figure 3: The Marmousi model example: (a) true velocity
model, (b) inaccurate migration velocity model.
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Figure 4: The migration images from (a) RTM, (b) LSRTM, (c) stacked ERTM, (d) stacked LSERTM, (e) RSS-RTM, and (f) RSSLSRTM. It is not easy to identify useful geologic structures from the conventional RTM and LSRTM images. The images from
RSS-RTM and RSS-LSRTM are geologically comparable to the stacked ERTM and LSERTM images.

